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Introduction

0.1 Notation

Here is some notation that may differ from other texts and that is consistently used throughout these
notes:

• If we write A ⊂ B, we allow A = B. If we want to write that A is a proper subset of B, we
write A ⊊ B.

• R× denotes the set of invertible elements of a ring R.

• If L, K are fields, we use the symbol L/K (read ”L over K”) to denote that L is a field
extension over K.

• We use the symbol # to denote the number of elements in a set e.g. #G is the number of
elements of G.

0.2 Motivation

To motivate our interest in some of the topics we will study, we will attempt to provide an outline
of a proof of Fermat’s Last Theorem (or FLT for short). Let us first remind ourselves what the
statement of this theorem is.

Theorem (Fermat’s Last Theorem). For n ≥ 3, the equation

xn + yn = zn

has no non-trivial (meaning x, y, z ̸= 0) solutions in Z.

”Proof”:
Let n ≥ 3 and assume towards contradiction that the triple (x, y, z) solves the equation. WLOG we
can assume that x, y, z are coprime. We can rewrite the equation as:

yn = zn − xn = (z − x)(z − ζnx) . . . (z − ζn−1
n x),

where ζn denotes the n-th root of unity ζn = e
2πi
n . The rest of the proof is divided into the following

steps.

Step A:
The terms (z − x)(z − ζnx) . . . (z − ζn−1

n x) are (essenatially) coprime in Z[ζn].
Step B:
We factor the terms into irreducibles

z − x = πa11 . . . πakk

z − ζnx = ρb11 . . . ρ
bl
l

...
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Step A implies that πi’s and ρj’s are pairwise distinct. Now we can rewrite the LHS like this

yn = π
na′1
1 . . . ρ

nb′1
1 . . .

But then all the exponents on the RHS are divisible by n. This allows us to move onto the next step.

Step C:
We can now write

z − x = αn

z − ζnx = βn

...

for some α, β ∈ Z[ζn].

Step D:
Our aim now is to write α, β, . . . in some basis and compare the coefficients to arrive at a contradic-
tion.

Now it is important to note that this proof would not be a viable proof of Fermat’s Last Theorem in
general case, but if we address the problems in this proof, we can make it work in a certain special
case.

Problems:

• Firstly, it is useful to assume that n is an odd prime. Once the proof is done for primes, one
easily proves the theorem for composite numbers. Let us denote this odd prime as p.

• Now we should distinguish so called 1st and 2nd case of FLT. The 1st case is when p does not
divide xyz and the 2nd case is when it does.

• Since Z[ζn] need not be a UFD in general, the factorization into irreducibles in Step B may not
be unique. We should instead factor into prime ideals.

• After factorizing into prime ideals, we will only get z − x = Ap etc. for some ideal A in Step
C. We need to introduce a ”class group” which will be trivial iff Z[ζn] is UFD. If we then limit
ourselves to primes that do not divide the size of this class group (we will call them regular
primes), then we can replace the ideal A with an element (after considering invertible elements).

After solving these problems, we will be able to prove the 1st case of Fermat’s Last Theorem for
regular primes. This way the proof serves as a motivation for us to study the class group and other
related topics.

0.3 Recap

In this section we state important definitions and theorems from the introductory Commutative
Algebra course we will need. All proofs and further details can be found in the text linked bellow
(in Czech only):
https://karlin.mff.cuni.cz/∼kala/files/UKA24.pdf
We may also sometimes need to reference theorems or propositions, which can be found in this text.
These will be marked by the number of the theorem preceded by ”ÚKA” e.g. ”ÚKA Thm. 1.1”.

Definition. A number field K is a finite degree extension of Q.

Theorem (Primitive element theorem). Let K be a number field. Then there exists an algebraic
element α ∈ K such that K = Q(α) = Q[α].

https://karlin.mff.cuni.cz/~kala/files/UKA24.pdf
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Definition. Let K ⊃ Q be a field. Then
(a) Let S ⊃ R be rings. We say that α ∈ S is integral over R if there exists a monic polynomial
f ∈ R[x] such that f(α) = 0.
(b) OK denotes the ring of elements α ∈ K that are integral over Z.

Theorem. Let S ⊃ R be rings, then TFAE:
(a) α ∈ S is integral over R.
(b) Minimal polynomial for α over R is monic.
(c) R[α] is finitely generated R-module.
(d) There exists R′ such that R[α] ⊂ R′ ⊂ S and R′ is a finitely generated R-module.

Definition. Let D ∈ Z be such that D ̸= 0, 1 and is square-free. A quadratic field is then K =
Q(

√
D).

Theorem. Let K = Q(
√
D) be a quadratic field, then

OK =

{
Z[
√
D] for D ≡ 2, 3 (mod 4)

Z[1+
√
D

2
] for D ≡ 1 (mod 4)

Definition. Let K = Q(
√
D) be a quadratic field. If we write the elements of K like this

K = {a+ b
√
D | a, b ∈ Q},

then we define the norm as the map

N : K → Q
a+ b

√
D 7→ a2 − b2D.

and the trace as the map

Tr : K → Q
a+ b

√
D 7→ 2a.



1. Prime Ideals in OK

1.1 Trace & Norm

Definition. Let L ⊃ K be a field extension of finite degree n. Let e = (e1, . . . , en) denote the basis
of the K-vector space L and let α ∈ L, then
(a) we denote by Me(α) the matrix of multiplication by α defined as

Me(α) = (aij)1≤i,j≤n

where

α · ej =
n∑
i=1

aijei.

(b) we define the norm denoted by NL/K as

NL/K(α) = det(Me(α)) ∈ K.

(c) we define the trace denoted by TrL/K as

TrL/K(α) = Tr(Me(α)) ∈ K.

(d) we define the characteristic polynomial for α in L/K as

cα, L/K(x) := det(xI −Me(α)) =
n∑
i=0

cix
i ∈ K[x].

Remark. Let α ∈ L and cα, L/K(x) =
∑n

i=0 cix
i, then

(a) cn = 1
(b) c0 = cα, L/K(0) = (−1)nNL/K(α)
(c) cn−1 = −TrL/K(α)

Exercise. Prove that the trace and norm are independent of basis for L.

Example. Let L = Q(
√
D) for some square-free D ̸= 0, 1 and K = Q. The basis for L is then

e = (1,
√
D). For some α = a+ b

√
D ∈ L we compute

α · 1 = a+ b
√
D

α ·
√
D = bD + a

√
D

and now

Me(α) =

(
a bD
b a

)
NL/K(α) = a2 − b2D = αα′

TrL/K(α) = 2a = α + α′

cα(x) = x2 − xTr(α) +N(α)

where α′ = a− b
√
D. Also if α ̸∈ Q, then cα is the minimal polynomial for α.

6
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Proposition 1.1. Let L ⊃ K be a field extension of finite degree n and α ∈ L. Let us denote by
m(x) the minimal polynomial for α over K and by c(x) the characteristic polynomial for α. Then

(a) c(x) = md(x) where d = [L : K(α)]

(b) c(α) = 0

(c) NL/K(α) = (−1)nc0 = (−1)nmd
0 = (NK(α)/K(α))

d

(d) TrL/K(α) = −cn−1 = dTrK(α)/K(α)

Proof. Parts (b)-(d) all follow from (a), so it suffices to prove part (a).

CASE 1: Assume L = K(α) for some α ∈ L, then d = 1. We choose the basis e = (1, α, . . . , αn−1)
and compute the elements of Me(α). We have

αei = αi = ei+1 for i < n

αen = αn = −mn−1α
n−1 − · · · −m1α−m0

Now we can compute c(x) by taking the determinant of the matrix

B := xI −Me(α) =


x 0 0 . . . m0

−1 x 0 . . . m1

0 −1 x
. . . m2

...
. . . . . . . . .

...
0 . . . 0 −1 x+mn−1


which yields c(x) = m(x) (left as an exercise).

CASE 2: Now let d > 1 and (e1, . . . , ed) be a basis for L/K(α) and (1, α, . . . , α
n
d
−1) be a basis for

K(α)/K. As an exercise, show that ejα
i is a basis for L/K. Then

αejα
i = ejα

i+1

xI −M(α) =


B

B
. . .

B


d×d

Taking the determinant yields

c(x) = (det(B))d = md(x).

Recall. Let K be a field and α be an algebraic and separable element over K and m(x) := mα(x).
Then a K-homomorphism

φ : K(α) → K̄

is uniquely determined by φ(α). Moreover φ(α) is an (algebraic) conjugate of α i.e. it is a root of
m(x).

The separability of α is equivalent to m having no multiple roots, which happens iff the number of
maps φ is equal to #of distinct roots of m = degm = [K(α) : K] iff

m(x) =
∏
φ

(x− φ(α))
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Proposition 1.2. Let L/K be finite separable extension and α ∈ L, c := cα, L/K. Then
(a) c(x) =

∏
(x− φ(α))

(b) NL/K(α) =
∏
φ(α)

(c) TrL/K(α) =
∑
φ(α)

where the products and sums above iterate over all K-homomorphisms

φ : L→ L̄ = K̄.

Proof. (a) The restriction φ|K(α) is uniquely determined by φ(α), which is a conjugate of α. Con-
versely for a conjugate β there exists exactly one K-homomorphism

ψ : K(α) → L̄

α 7→ β

By ÚKA Cor. 2.10 ψ has exactly d = [L : K(α)] extensions φ. By Prop. 1.1

c(x) = md(x)

=

 ∏
ψ:K(α)→K̄

(x− ψ(α))

d

=
∏

φ:K(α)→K̄

(x− φ(α)).

The rest follows from part (a) and Prop. 1.1.

Exercise. Show, that NL/K(α) ∈ K for all α ∈ L.

Corollary 1.3. (a) The norm as a map N : L× → K× is a homomorphism, therefore

N(αβ) = N(α)N(β) for all α, β ∈ L×

(b) The trace as a map Tr : L(+) → K(+) is a group homomorphism, therefore

Tr(α + β) = Tr(α) + Tr(β) for all α, β ∈ L

Exercise. Let M ⊃ L ⊃ K be separable extensions of finite degree. Show, that then
(a) NM/K = NL/K ◦NM/L

(b) TrM/K = TrL/K ◦TrM/L

(c) For α ∈ K

NL/K(α) = αn

TrL/K(α) = nα, n = [L : K]

1.2 Discriminant

Assuming a separable extension L/K of finite degree and a tuple of elements from L, we would like to
know, if said tuple is a suitable basis for the K-vector space L. The following notion of dicriminant
will help us in doing so.

Definition. Let L/K be a separable extension of degree n and α1, . . . , αn ∈ L, then we define the
discriminant as

∆(α1, . . . , αn) := det(TrL/K(αiαj))1≤i,j≤n ∈ K.
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Lemma 1.4. Let L/K be a separable extension of degree n and let φ1, . . . , φn be all the
K-homomorphisms L→ L̄ and α1, . . . , αn ∈ L. If we denote M = (φi(αj))1≤i,j≤n, then

MTM = TrL/K(αiαj)1≤i,j≤n.

and

∆(α1, . . . , αn) = (det(M))2.

Proof is left as an exercise (use Prop. 1.2).

Proposition 1.5. Let L = K(γ) be an extension of degree n over K. Then

∆(1, γ, . . . , γn−1) =

(∏
i<j

(φi(γ)− φj(γ))

)2

= (−1)(
n
2)NL/K(m

′(γ)),

where m is the minimal polynomial for γ and φi’s are all the K-homomorphisms L→ L̄.

Proof. We set

M :=

1 = φ1(1) φ1(γ) . . . φ1(γ)
n−1

...
...

...
1 = φn(1) φn(γ) . . . φn(γ)

n−1


Taking the determinant yields

det(M) =
∏
i<j

(φi(γ)− φj(γ)).

The first equality then follows from Lemma 1.4.

Let us now show the second equality.

m(x) =
∏

(x− φi(γ))

m′(x) = (x− φ2(γ))(x− φ3(γ)) . . . (x− φn(γ))+

+ (x− φ1(γ))(x− φ3(γ)) . . . (x− φn(γ)) + . . .

m′(φi(γ)) =
∏
j, j ̸=i

(φi(γ)− φj(γ)).

Now by Prop. 1.2

NL/K(m
′(γ)) =

∏
i

φi(m
′(γ)) =

∏
i

m′(φi(γ)) =

=
∏
i,j, i̸=j

(φi(γ)− φj(γ)) =

= (−1)(
n
2)
∏
i<j

(φi(γ)− φj(γ))
2.

Observation 1. Since φ’s are distinct homomorphisms, then φi(γ) ̸= φj(γ) for all i ̸= j and hence

∆(1, . . . , γn−1) ̸= 0.
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Corollary 1.6. Let L/K be a separable extension of degree n.
(a) The map

B : L× L→ K

(α, β) 7→ Tr(αβ)

is a symmetric bilinear form, which is also non-degenerate i.e. for all x ̸= 0 there exists y such that
B(x, y) ̸= 0.
(b) Let α1, . . . , αn, β1, . . . , βn ∈ L, βj =

∑
pijαi, P = (pij) ∈ Kn×n. Then

∆(β1, . . . , βn) = (detP )2∆(α1, . . . , αn)

(c) (α1, . . . , αn) is a basis for L over K iff ∆(α1, . . . , αn) ̸= 0.

Proof. (a) Since separable extensions are simple, we find γ ∈ L such that K(γ) = L and then we
can take the basis (1, γ, . . . , γn−1) for L/K. Then

∆(1, γ, . . . , γn−1) = det(Tr(γiγj)),

which is not zero by Observation 1. The rest follows from the fact that bilinear form B is non-
degenerate iff det(B(ei, ej)) ̸= 0 where ei’s form a basis (exercise).
(b) If H is a matrix of bilinear form in basis α1, . . . , αn, then P THP is the matrix in the basis
β1, . . . , βn. Then

∆(α1, . . . , αn) = det(H)

∆(β1, . . . , βn) = det(P THP ) = (detP )2 detH.

(c) Take βi := γi−1 is a basis for K(γ)/K and ∆(1, γ, . . . , γn−1) ̸= 0. Conversely if (α1, . . . , αn) is
not a basis, then the matrix P is singular, hence by part (b) we have ∆(α1, . . . αn) = 0.

Exercise. For K := F2(x) and L := K(
√
x) consider the extension L/K. Show that then

TrL/K(α) = 0 for all α ∈ L.

1.3 Integral basis

From this section onward, let K be a number field and we shall denote n := [K : Q]. We will also
consider ideals I < OK to be non-zero. However we allow I = OK .
We are quite familiar with the basis for K over Q and how to find such basis. In this section, we will
explore the notion of basis for OK over Z.
Observation 2. (a) ∀α ∈ K ∃m ∈ Z, m ̸= 0 : mα ∈ OK .
(b) For an ideal I < OK , we have I ∩ Z ̸= {0}.
(c) If α ∈ OK , then N(α), Tr(α) ∈ Z.
(d) If α1, . . . , αn ∈ OK , then ∆(α1, . . . , αn) ∈ Z.

Proof. (a) Let
anα

n + an−1α
n−1 + · · ·+ a0 = 0 ai ∈ Z, an ̸= 0.

Then multiplying by an−1
n yields

(anα)
n + an−1(anα)

n−1 + · · ·+ an−1
n a0 = 0.

Hence anα ∈ OK .
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(b) Choose 0 ̸= α ∈ I ⊂ OK and write the minimal polynomial for α

0 = αn + an−1α
n−1 + · · ·+ a0 ai ∈ Z, a0 ̸= 0

a0 = −αn − an−1α
n−1 − · · · − a1α ∈ I.

(c) We will show the proof for norm, for trace the proof is analogous. N(α) ∈ Q. The conjugates
φi(α) all lie in OQ̄ because they share the minimal polynomial with α. By Prop. 1.2 N(α) =

∏
φi(α),

therefore N(α) ∈ Q ∩ OQ̄ = Z.
(d) Trivially true.

Lemma 1.7. Every ideal I < OK contains some basis for K/Q.

Proof. Let (α1, . . . , αn) be a basis for K/Q. By part (a) of Observation 2 we can find non-zero m ∈ Z
such thatmαi ∈ OK for all 1 ≤ i ≤ n. By part (b) of Observarion 2 we can choose non-zero a ∈ I∩Z.
Then (amαi)1≤i≤n is still a basis for K/Q and amαi ∈ I, which concludes the proof.

So far we know that the discriminant of a basis for OK is non-zero and that it lies in Z. Proposition
1.5 might suggest that it is also always positive, but the following example contradicts this conjecture.

Example. Let K = Q(i). We then have a basis (1, i) =: (α1, α2). Now we compute its discriminant
with the use of Prop. 1.5 for φ1 being the identity and φ2 the complex conjugation map.

∆(α1, α2) = (i− ī)2

∆(α1, α2) = −4

Definition. Let (α1, . . . , αn) be a basis for K/Q. We call it the integral basis for I < OK if

I = Zα1 + · · ·+ Zαn.

The value of ∆(α1, . . . , αn) does not depend on the choice of basis and is called the discriminant of
the ideal I and denoted by ∆(I). The number ∆(OK) is called the discriminant of the field K and
is often denoted by ∆K .

Proposition 1.8. Let I < OK and (α1, . . . , αn) ∈ I be a basis for K/Q such that |∆(α1, . . . , αn)| is
minimal. Then it is an integral basis.

Proof. |∆(α1, . . . , αn)| ∈ N, so considering the minimal value makes sense. Let

α = c1α1 + · · ·+ cnαn ∈ I, where ci ∈ Q.

Assume towards contradiction that ci ̸∈ Z for some i. WLOG c1 ̸∈ Z.

c1 = ⌊c1⌋+ {c1} ⌊c1⌋ ∈ Z.

Consider the basis
β1 := α− ⌊c1⌋α1, β2 := α2, . . . , βn := αn.

We have
β1 = {c1}α1 + · · ·+ cnαn = α− ⌊c1⌋α1

and the transition matrix 
{c1} c2 c3 . . . cn
0 1 0 . . . 0
...

. . . . . .

1


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Taking the determinat yields det = {c1} ≠ 0. We have

|∆(β1, . . . , βn)| = {c1}2|∆(α1, . . . , αn)| < |∆(α1, . . . , αn)|,

which contradicts minimality, hence all ci ∈ Z and

I ⊂ Zα1 + · · ·+ Zαn.

The converse inclusion follows trivially.

Exercise. Prove the Stickelberger theorem:
For all number fields K,

∆K ≡ 0 or 1 mod 4.

Proposition 1.9. OK/I is finite for all I < OK.

Proof. Choose non-zero a ∈ I ∩ Z. Since (a) < I, we have a surjection

OK/(a) ↠ OK/I

α + (a) 7→ α + I.

Let ω1, . . . , ωn be an integral basis for OK , then{ n∑
i=1

ciωi : 0 ≤ ci ≤ a
}

is a set of representatives of the equivalence on OK induced by the ideal (a). Hence OK/(a) is finite

with an elements, hence OK/I is also finite.

Definition. Let R be a domain and F its field of fractions. We say that R is integrally closed over
Z if whenever α ∈ F is integral over Z, then α ∈ R.
We say that a domain R is Dedekind if
(a) R is noetherian,
(b) Each prime ideal P < R is maximal,
(c) R is integrally closed.

Corollary 1.10. OK is a Dedekind domain.

Proof. OK being integrally closed over Z is trivially true from definition. It suffices to show that
OK is noetherian and that each prime ideal P < OK is maximal. By Prop. 1.8, every idea I < OK

is finitely generated, therefore OK is noetherian. Let P < OK be a prime ideal, then OK/P is a
domain, which is finite by Prop. 1.9. Since finite domain is a field (exercise), then P is maximal.

1.4 Ideal cancellation

Notation. For a set A and an element β we denote

βA = {βa | a ∈ A}.

If A is an ideal, then βA = (β)A, where (β) denotes the principal ideal generated by β.

Lemma 1.11. (a) Let A < OK, β ∈ K such that βA ⊂ A. Then β ∈ OK.
(b) Let A,B < OK such that A = AB. Then B = OK.
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Proof. Take (α1, . . . , αn) a basis for A.
(a) Consider the following system of linear equations for which αi are non-zero solutions.

βαi =
∑

aijαj aij ∈ Z.

By linear algebra detM = 0, where

M =


β − a11 −a12 . . . −a1n
−a21 β − a22 . . . −a2n
...

. . .
...

β − ann


The determinant of M is also a monic polynomial in β with Z-coefficients 0 = detM = βn+ . . . and
root in β, hence β ∈ OK .
(b) Analogously we consider the following system of linear equations

αi =
∑

bijαj bij ∈ B.

with the matrix 
1− b11 −b12 . . . −b1n
−b21 1− b22 . . . −b2n
...

. . .
...

1− ann


whose determinant is again 0. We can also write

det = 0 = 1 +♡

where each term in ♡ contains some bij, hence ♡ ∈ B and hence also 1 ∈ B =⇒ B = OK .

Exercise. Lemma 1.11 does not hold in general. As an exercise, find examples of rings, for which it
does not hold.

Proposition 1.12. Let A, B < OK, ω ∈ OK such that (ω)A = BA. Then (ω) = B.

Proof. Take β ∈ B. We have

(ω)A ⊃ (β)A =⇒ β

ω
A ⊂ A.

Since β
ω
lies in K, it then follows by Lemma 1.11 part (a) that β

ω
∈ OK . Hence

ω−1B =

{
β

ω

∣∣∣∣ β ∈ B

}
⊂ OK

is an ideal. We now have A = (ω−1B)A. By Lemma 1.11 part (b) ω−1B = OK and hence (ω) =
B.

1.5 Ideal classes

Definition. Let A, B < OK . We say that A and B are equivalent and write A ∼ B if there exist
α, β ∈ OK \ {0} such that (α)A = (β)B. Classes of this equivalence are called ideal classes. The
class number of K is defined as the number of ideal classes and denoted by hK .

Remark. hK = 1 ⇐⇒ OK is PID ⇐⇒ OK is UFD.
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Proposition 1.13. ∀K ∃M ∈ Z+ such that ∀α, β ∈ OK , β ̸= 0∃t ∈ Z, 1 ≤ t ≤M ∃ω, δ ∈ OK such
that

tα = ωβ + δ, |Nδ| < |Nβ|.

Proof. Let γ = α
β
∈ K. It suffices to show that ∃t, ω such that

|N(tγ − ω)| < 1.

Let (ω1, . . . , ωn) be an integral basis for OK .

γ =
∑
i

ciωi

|Nγ| =
∣∣∣∣∏

j

(∑
i

ciω
(j)
i

)∣∣∣∣ ≤∏
j

∑
i

|ci| · |ω(j)
i | ≤

≤ C(max |ci|)n,

where ω
(j)
i denotes the conjugates of ωiand

C =
∏
j

∑
i

|ω(j)
i |.

Take m ∈ Z, m > n
√
C, M := mn. We now define the integral and fractional part of γ as follows

⌊γ⌋ :=
∑
i

⌊ci⌋ωi ∈ OK

{γ} :=
∑
i

{ci}ωi.

Now γ = ⌊γ⌋+ {γ} and consider the injective map

φ : K ↪→ Rn∑
ciωi 7→ (c1, . . . , cn)

φ({γ}) ∈ [0, 1)n.

We now divide the unit cube [0, 1]n into mn = M smaller cubes of side 1
m

and consider the points
φ({kγ}) for 1 ≤ k ≤M + 1. Then there exist two such points that lie in the same smaller cube, say
ℓγ, kγ, k < ℓ, 0 < t := ℓ− k ≤ M . We then have that tγ = ω + ε for ω ∈ OK , ε ∈ K such that all
coordinates of φ(ε) lie in (− 1

m
, 1
m
). Thus

|Nε| < C

(
1

m

)n
< 1.

Theorem 1.14. Class number is always finite.

Proof. Let A < OK , β ∈ A, β ̸= 0 such that |N(β)| is minimal. For α ∈ A ∃t; 1 ≤ t ≤M such that

|N(tα− ωβ)| < |N(β)|.

The minimality of |N(β)| implies that tα = ωβ ∈ (β). Now

tα |M !α =⇒ (β) ⊃ (tα) ⊃M !(α).
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Hence M !A ⊂ (β). Let B := 1
β
M !A < OK . We have (M !)A = (β)B and thus A ∼ B. Furthermore

we have
β ∈ A =⇒ M !β ∈ (β)B =M !A =⇒ M ! ∈ B, (M !) ⊂ B.

However since OK/(M !) is finite by Prop. 1.9 and B corresponds to an ideal in OK/(M !), then we
only have finitely many ideals containing M !, hence finitely many, that can be equivalent with A,
which concludes the proof.

Corollary 1.15. ∀A < OK ∃k : 1 ≤ k ≤ hK such that Ak is principal.

Proof. Consider the set {Ai | 1 ≤ i ≤ hK + 1}. At least two of the ideals in this set are equivalent.
Let Ai ∼ Aj where i < j and let α, β ∈ OK such that (α)Ai = (β)Aj. We set k := j− i and B := Ak

and show that B is principal. We have

(α)Ai = (β)BAi =⇒
(
α

β

)
Ai = BAi ⊂ A

1.11
=⇒ α

β
∈ OK .

By Prop. 1.12 (α
β
) = B is principal.

Corollary (Ideal classes form a group). For A < OK we denote by [A] its ideal class. We can equip
the ideal classes with group structure as follows:

We define the group operation as
[A] · [B] = [AB]

with the unit element [OK ] and the inverse element

[A]−1 := [Ak−1]

where k is such that Ak is principal (such k exists by Cor. 1.15). The resulting group is denoted by
CℓK.

1.6 Cancellation and unique factorization

Proposition 1.16. Let A, B, C < OK , A ̸= 0.
(a) If AB = AC, then B = C.
(b) B ⊃ A iff B |A.

Proof. (a) By 1.15 we have k such that Ak = (α).

AkB = AkC

(α)B = (α)C

B = C

(b)

Bl = (β)

Bl−1A ⊂ OK

C =
1

β
Bl−1A < OK .

Then BC = A.

Theorem 1.17. Each ideal in OK has a unique factorization into a product of prime ideals.
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Proof. Existence: Let A be a proper ideal and let P1 be a maximal ideal (which is prime by 1.10)
containing A. By 1.16 P1 divides A, therefore there exists an ideal A1 < OK such that P1A1 = A. If
A1 = OK , then we are done. Otherwise A1 is a proper ideal, so we can iterate this process, obtaining

A ⊂ A1 ⊂ A2 ⊂ . . .

Since OK is noetherian, there exists i such that Ai = OK , then A = P1P2 . . . Pi.

Uniqueness: Let P1 . . . Pk = Q1 . . . Ql. Thus

P1|Q1 . . . Ql =⇒ P1 ⊃ Q1 . . . Ql.

WLOG P1 ⊃ Q1, then P2 . . . Pk = Q2 . . . Ql and by continuing like this, we arrive at the two
factorizations being equal.

Definition. Let P < OK be a prime ideal and A < OK an ideal. We denote by ordP A := vPA the
unique t ∈ Z≥0 such that P t |A and P t+1 ∤ A.

Remark. Here are some basic properties of ord:

(a) ordP AB = ordP A+ ordP B,

(b) A =
∏
P ordP A.

1.7 Ideal group

We have already introduced the notion of ideal class group. In this section we will introduce the
notion of ideal group. The set {I < OK | I ̸= {0}} is a commutative semigroup (or monoid).

We can obtain a group by considering formal fractions AB−1 (ordered pairs of ideals with equivalence
defined as AB−1 = (AC)(BC)−1, which is well-defined thanks to the cancellation property). This
group is denoted by IK and is called the ideal group of the field K.

We can view the formal fractions as subsets of K by recalling that there always exists a k ∈ N such
that Bk is principial (by Cor. 1.15). Let Bk = (β) Then we have

AB−1 =
ABk−1

(β)
=

1

β
ABk−1︸ ︷︷ ︸
⊂K

< OK .

Sets of this form are called fractional ideals. Alternatively they can be defined as finitely generated
OK-submodules in K. As an exercise, you can show that these are equivalent definitions.

For each I < OK , we have I = IO−1
K and thus I ∈ IK . Thanks to the cancellation property it follows

that IO−1
K = JO−1

K ⇐⇒ I = J .

Definition. The set {(α)(β) |α, β ∈ OK \ {0}} denoted by PK is called the group of principal
fractional ideals of the field K.

Exercise. Show, that

IK/PK = CℓK .
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1.8 Prime factorizations

We will now focus more on the prime ideals and how they look like in OK for some given number
field K.

Let P < OK be a prime ideal. P ∩ Z is and ideal in Z and by Observation 2 we have P ∩ Z ̸= {0}.
Since Z is a PID, then P ∩ Z = aZ for some a ∈ Z. It can easily be shown that it in fact must be
equal to some pZ, where p is a prime number. This then means that there exists a unique prime
number p such that p ∈ P . We would now like to factor all such (p) = pOK .

Definition. Let P < OK be a prime ideal and p ∈ P a prime number. We define the ramification
index of P as

e := e(P/p) := ordP (p).

We also define the inertia degree of P as f ≥ 1 such that

#OK/P = pf

and denote it by f or f(P/p).

Lemma. #OK/(p) = pn, where n = [K : Q].

Proof. See 1.9.

Theorem 1.18 (EFG theorem). Let p ∈ Z be a prime number, P1, . . . , Pg < OK prime ideals
containing p. Let ei, fi be their ramification indices and inertia degrees. Then

g∑
i=1

eifi = n = [K : Q].

Moreover if K/Q is a Galois extension, then e1, . . . , eg =: e, f1, . . . , fg =: f and efg = n.

Remark. The EFG theorem works for general field extensions L/K as well. However this weaker
version will be sufficient for us.

Definition. Let p ∈ Z be a prime number and Pi, ei, fi, g as in the EFG theorem. We say, that

(a) p splits completely if g = n, ei = fi = 1 for all i and

(p) = P1 . . . Pn.

(b) p is inert if g = 1, e1 = 1, f1 = n and

(p) = P.

(c) p ramifies if there exists an index i such that ei ≥ 2.

Remark. Later on we will prove that there are only finitely many prime numbers that ramify and
they can be characterized.

Proposition 1.19. Let P < OK be a prime ideal of inertia degree f . Then

#OK/P k = pkf k ∈ N.
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Proof. The proof is done by induction.

For k = 1 it follows from definition.

Now let k > 1. We will view OK/P k as a group. Then it has a subgroup P k−1
/P k. By 2nd

isomorphism theorem
(OK/P k)/(P

k−1
/P k) ≃ OK/P k−1.

By inductive hypothesis, we have
#OK/P k−1 = p(k−1)f .

Now we will show that
#P

k−1
/P k = pf .

Because factorization into prime ideals is unique, we have P k−1 ̸= P k, so we can choose α ∈ P k−1\P k.
By 1.16 we have (α) + P k |P k. Again by 1.17 it follows that

(α) + P k = P l.

for some l. We also have
P k−1 ⊃ (α) + P k =⇒ P k−1 | (α) + P k.

Hence (α) + P k is either P k−1 or P k. Since α ̸∈ P k, then (α) + P k = P k−1. Consider now the
surjection

φ : OK ↠ P k−1
/P k

γ 7→ γα + P k

which is also a group homomorphism. Let us now inspect its kernel. We have

γ ∈ Kerφ ⇐⇒ γα ∈ P k ⇐⇒ ordP (γα) ≥ k

k ≤ ordP (γα) = ordP (γ) + ordP (α) = ordP (γ) + k − 1

γ ∈ Kerφ ⇐⇒ ordP (γ) ≥ 1 ⇐⇒ γ ∈ P

Hence Kerφ = P . By 1st isomorphism theorem

OK/P ≃ P k−1
/P k

which concludes the proof.

Recall. Recall the Chinese remainder theorem (CRT for short), proof of which can be found in ÚKA
under Prop. 1.21.

Let R be a unital commutative ring and A1, . . . , Ag < R pairwise comaximal ideals i.e. Ai+Aj = R
for i ̸= j. Then

R/A1 . . . Ag ≃ R/A1 × · · · ×R/Ag

A1 . . . Ag = A1 ∩ · · · ∩ Ag

Proof of Thm. 1.18, part 1. Let (p) = P e1
1 . . . P

eg
g . As an exercise, show that these are pairwise

comaximal. By CRT
OK/(p) ≃ OK/P e1

1
× · · · × OK/P eg

g
.

The size of LHS is
#OK/(p) = pn.

By 1.19 we have

#RHS =
∏

peifi = p
∑
eifi .

From the isomorphism it now follows that n =
∑
eifi.
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Definition. Let K/Q be a Galois extension, A < OK an ideal and σ ∈ Gal
(
K/Q

)
. Then we define

σA := {σ(α) |α ∈ A} < OK .

Observation 3. Observe that the following holds
(a) σOK = OK =⇒ OK/σA = σOK/σA ≃ OK/A.
(b) For a prime ideal P , σP is also a prime ideal.

Proposition 1.20. Let p ∈ Z be a prime number, P, Q < OK prime ideals dividing (p). If K/Q is
Galois, then there exists σ ∈ Gal

(
K/Q

)
such that σP = Q i.e. the Galois group acts transitively on

{P1, . . . , Pg}.

Proof. For the purpose of this proof, let us denote G := Gal
(
K/Q

)
. Assume towards contradiction

that Q ̸∈ {σP |σ ∈ G}. By CRT there exists α ∈ OK such that

α ≡ 0 mod Q

α ≡ 1 mod σP ∀σ ∈ G.

Now we have
N(α) =

∏
σα ∈ Q ∩ Z = (p).

Then necessarily

P | (p) | (N(α)) =
∏

(σα) =⇒ P | (σα)

for some σ. Thus we have σα ∈ P , which is a contradiction with α ≡ 1 mod σ−1P.

The second part of Thm. 1.18 follows from Prop. 1.20.

1.9 Finding factors

Theorem 1.21. Let K/Q be a field extension such that OK = Z[α] for some α. Let f ∈ Z[x] denote
the minimal polynomial for α and p be a prime number. For g ∈ Z[x] we shall denote ḡ ∈ Fp[x] and
let

f̄ =
r∏
i=1

ḡi(x)
ei

be the factorization into irreducibles over Fp, where gi’s are monic polynomials in Z[x]. Then

pOK =
r∏
i=1

(p, gi(α))
ei

is the distinct prime ideal factorization. Moreover

OK/(p, gi(α)) ≃ Fp[x]/ḡi

thus
fi = f =

(
(p, gi(α))/p

)
= deg gi.

Proof. Consider the isomorphism

Z[x]/(f(x)) ≃ OK = Z[α]
x+ (f(x)) 7→ α.
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Factoring mod p gives us

Fp[x]/(f̄(x)) ≃ OK/(p)

x+ (f̄(x)) 7→ α + (p).

Now Fp[x]/(f̄) has maximal ideals (ḡi) := (ḡi + (f̄)) for i ∈ {1, . . . , r}. Now we have∏
(ḡi)

ei = 0 ≡ f̄

and let us show that no smaller ei’s give 0.
The ideal (ḡi) corresponds to (gi(α) + (p)) < OK/(p) and this by the 2nd isomorphism theorem
corresponds to Pi := (p, gi(α)) < OK . These Pi are all the prime ideals in OK such that they contain
(p). If we have

pOK =
∏

P
e′i
i ,

then the e′i are characterized by the property

pOK ⊃
∏

P
e′i
i ,

but they do not contain any product with smaller exponents. Under the correspondence, it corre-
sponds to

∏
(ḡi)

ei , hence ei = e′i, which concludes the proof.

Example. Consider the number field K = Q[
√
−5]. Then OK = Z[

√
−5] and f = x2 + 5 is the

minimal polynomial for −5.
For p = 2 we have

x2 + 5 ≡ (x+ 1)2 mod 2

r = 1 g1 = x+ 1 ∈ Z[x] e1 = 2

2OK = (2) = (2,
√
−5 + 1)2 =⇒ 2 ramifies

For p = 3 we have

x2 + 5 ≡ (x+ 1)(x− 1) mod 3

3OK = (3) = (3,
√
−5 + 1)(3,

√
−5− 1) =⇒ 3 splits completely

For p = 11, x2 + 5 is irreducible mod 11

11OK = (11) = (11, (
√
−5)2 + 5) = (11) =⇒ 11 is inert.

Exercise. (a) In the example above, characterize all p. (Hint: Try using Legendre symbols)
(b) Characterize all p for general number field Q[

√
D].

(c) Use 1.21 to prove 1.18.

1.10 Ramification

Theorem 1.22. Let p be a prime number. Then p ramifies in K if and only if p |∆k.

In order to prove this theorem, we first need to introduce a generalization to the discriminant. We
assume A ⊂ B to be rings such that B is a free A-module of rank m i.e.

B ≃ Am



1.10. RAMIFICATION 21

as an A-module. Now for an element β ∈ B we can define a map

B → B

x 7→ βx

which can be viewed as a linear map Am → Am. Then we can define TrB/A β as the trace of this
linear map. More concretely for an A-basis e1, . . . , em we have

βej =
∑

aijei

TrB/A β =
∑

aii ∈ A.

Now given some β1, . . . , βm ∈ B we define

∆(β1, . . . , βm) := det(TrB/A(βiβj)) ∈ A

∆(B/A) := (∆(e1, . . . , em)) < A.

Lemma 1.23. Let B ⊃ A with a basis e1, . . . , em and I < A be an ideal. Then

ēi := ei + IB i ∈ {1, . . . ,m}

is a basis for B/IB as an A/I-module and

∆(ēi, . . . , ēm) ≡ ∆(e1, . . . , em) mod I.

Lemma 1.24.
∆
(
ΠBi/A

)
=
∏

∆
(
Bi/A

)
Definition. Let R be a ring and α ∈ R. We say that α is nilpotent if αr = 0 for some r ≥ 1.

Proof of Thm 1.22. By CRT we have

OK/(p) ≃ OK/P e1
1

× · · · × OK/P eg
g
.

Observation. OK/P ei
i

contains a non-zero nilpotent element iff ei ≥ 2.

Proof of the Observation. If ei = 1, then since Pi is prime and maximal ideal, then OK/Pi is a field
and so does not contain any nilpotent elements.
Now if ei ≥ 2, then α ∈ Pi \ P ei

i is nilpotent.

Now from the observation above it also trivially follows that

OK/P e1
1

× · · · × OK/P eg
g

contains a non-zero nilpotent element iff ei ≥ 2 for some i. In other words it is sufficient for one of
the factor rings to contain a nilpotent element.
We have

∆K = ∆(OK/Z)

≡ ∆
(
OK/(p)/Fp

)
mod p

=
∏

∆
(
OK/P ei

i
/Fp
)

mod p.
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If ei = 1, then OK/Pi is a field and
(OK/Pi

)
/Fp is a separable field extension by ÚKA Cor. 2.18,

hence
∆
(OK/Pi/Fp

)
̸= 0.

If all ei = 1, then ∏
∆
(
OK/P ei

i
/Fp
)
̸≡ 0 mod p =⇒ p ∤ ∆K .

If ei ≥ 2 for some i, then OK/(p) has a nilpotent element β ̸= 0. We choose a Fp-basis for OK/(p)

β = b1, . . . , bf .

One can check that Tr(βbi) = 0 for all i, hence

∆
(
OK/(p)/Fp

)
= det(Tr(bibj)) = 0 in Fp,

hence p |∆K .



2. Geometry of numbers

2.1 Ideal norm

Definition. For an ideal I < OK , we define its (numerical) norm as N I = 0 if I = (0) and

N I = #OK/I

otherwise.

Observation. (a) By Prop. 1.9 the norm N I is always finite and lies in Z+.
(b) From the proof of Prop. 1.9 it follows that

N (aOK) = |a|n a ∈ Z.

(c) I | N I.

Proposition 2.1. (a) Let P < OK be a prime ideal and p a prime number contained in P , then

NP = pf(
P/(p)).

(b) Let I =
∏
P ri
i for Pi prime ideals and ri ≥ 1. Then

N I =
∏

pfirii ,

where pi is a prime number contained in Pi.
(c) N (IJ) = N (I) · N (J).
(d) If I ⊃ J , then

#I/J = N (I−1J).

Proof. (a) Follows from definition of the inertia degree f .
(b) By CRT we have

OK/I ≃ OK/P r1
1

× · · · × OK/P rm
m
.

By Prop. 1.19
#OK/P ri

i
= prifii ,

which concludes part (b).
(c) Factor I, J into prime ideals. Then the rest follows from part (b).
(d) By 2nd isomorphism theorem(OK/J

)
/
(
I/J

) ≃ OK/I

#OK/J = #I/J ·#OK/I

and the rest is left as an exercise.

23
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Proposition 2.2. (a) Given a Galois extension K/Q, prime number p and prime ideal P < OK

such that P | (p), let
pOK = (P1 . . . Pg)

e.

Then

NPOK
(1)
= (P1 . . . Pg)

ef (2)
=

∏
σ∈Gal(K/Q)

σP.

(b) For β ∈ OK, we have |N(β)| = N (βOK).

Proof of part (a). We have

NPOK = pfOK = (pOK)
f = (P1 . . . Pg)

ef ,

which concludes the equality (1).
By Prop. 1.20 the Galois group G := Gal

(
K/Q

)
acts transitively on {P1, . . . , Pg} and therefore the

action has only one orbit of size g. This means that for all i the stabilizer

GPi
= {σ ∈ G |σPi = Pi}

has the size equal to
#G

#orbit of Pi
=
n

g
1.18
= ef.

The rest of the equality (2) is left as an exercise. The proof of part (b) will be provided later.

Remark. Part (b) implies that the following diagram commutes

K× IK

Q× Q+(≃ IQ)

β 7→(β)

NK/Q N : I
J
7→ I

J

|·|

2.2 Minkowski bound

Theorem 2.3 (Minkowski bound). Let K/Q be a field extension of degree n and let 2s denote
the number of embeddings K ↪→ C, whose image does not lie in R. Then there exists a set of
representatives for the class group CℓK consisting of ideals I < OK with the property

N I ≤ n!

nn

(
4

π

)s
|∆K |

1
2 .

Remark. (a) If we let Q(α) = K, then the number 2s is the number of roots of mα, which lie in C\R.
(b) The term n!

nn

(
4
π

)s
is called the Minkowski constant. The whole RHS is called the Minkowski

bound and is often denoted by BK .
(c) We often denote by r the number of real roots of mα, which then gives the equality n = 2s+ r.

Corollary 2.4. There is no unramified field extension K/Q i.e. in each number field K there exists
a prime number p that ramifies in K.

Proof. Since hK ≥ 1 for any field K, there exists an ideal I < OK from Thm. 2.3 such that

1 ≤ N I ≤ n!

nn

(
4

π

)s
|∆K |

1
2 .
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After rearranging we obtain

|∆K |
1
2 ≥ nn

n!

(π
4

)s
> 1,

where the last inequality is an analysis exercise. Now |∆K | ≥ 2 and so there exists a prime number
p such that p |∆K , which ramifies by Thm. 1.22.

Corollary 2.5. The class number hK is finite.

Proof. Take an ideal I < OK and factor it into prime ideals

I =
∏

P ri
i =⇒ BK ≥ N I =

∏
(NPi)

ri =⇒ 2 ≤ NPi ≤ BK .

Now there are only finitely many candidates for Pi for bounded ri, hence hK is finite.

Finding the class group CℓK :

(a) Find S = {I < OK | N I ≤ BK}.
(b) For I, J ∈ S test, whether I ∼ J mod PK , where PK is principal.

(c) Find relations [IJ ] = [H] and [I−1] = [J ].

For (b) and (c) it suffices to test when I ∼ J i.e. whether IJ−1 is principal.

There exists H < OK such that JH = (NJ), then

IJ−1 =
IH

JH
=

IH

(NJ)
.

It now suffices to see if IH = (NJ)(α) =: (β) for some α ∈ OK as then IJ−1 is principal. We have

N (IH) = N (β)
2.2
= |Nβ|,

which leads to a diophantine equation.

Example. Consider the case K := Q(
√
−5). Then OK = Z[

√
−5] and consider the ideal

(3) = (3,
√
−5− 1)(3,

√
−5 + 1).

Does there exist α such that

Nα = N (3,
√
−5− 1) = 3 ?

Rewriting Nα as a2 + 5b2 yields a diophantine equation

a2 + 5b2 = 3,

which clearly has no solutions, hence the ideal (3) is not principal in OK .

Example. For K := Q(i) and an ideal I < OK , we can write the Minkowski bound

N (I) ≤ BK = 1.27 . . . ,

hence I = OK for all ideals. Therefore the class group CℓK has only one element, hence Q(i) is a
PID.
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2.3 Lattices

Definition. Let V be a real vector space of dimension n < ∞. A lattice Λ in V is a (additive)
subgroup

Λ = Ze1 + · · ·+ Zer,

where ei’s are linearly independent over R.
A lattice is said to be full if r = n.

Example. If we identify Z[i] ≃ Z2, then we have Z2 ⊂ R2, hence Z[i] is a lattice.

On the other hand, consider Z[
√
2] = Z · 1+Z

√
2. Since 1 and

√
2 are not linearly independent over

R, then Z[
√
2] is not a lattice.

Lemma 2.6. Let V be a finite-dimensional real vector space and Λ < V an additive subgroup. Then
Λ is a lattice iff it is discrete i.e.

∀λ ∈ Λ∃U ⊂ V open such that U ∩ Λ = {λ}.

Proof. Proof is left as an exercise.

Definition. Let Λ =
∑

Zei be a full lattice. We call the set

D :=

{∑
aiei

∣∣∣∣ 0 ≤ ai < 1

}
the fundamental parallelepiped in Λ.

Definition. By volume we shall call a measure on V and denote it by Vol. Let Λ be a lattice with
the fundamental parallelepiped D. Its covolume is the value VolD.

Observation 4. (a)

V =
⊔
λ∈Λ

(λ+D).

(b)

∀v ∈ V ∃!λ ∈ Λ : v − λ ∈ Λ.

In other words D is a fundamental domain of the action of shifting by λ.
(c) From linear algebra, we know

Vol(D) = | det(e1, . . . , en)|.

Moreover the volume is preserved under the change of basis, because changing the basis results in
multiplying Vol(D) by the determinant of the transition matrix, which is 1.
(d) Consider full lattices Λ′ ⊂ Λ ⊂ V . Then

Vol(D′)

Vol(D)
= (Λ : Λ′),

where (Λ : Λ′) is the index of a subgroup.

Proof. (d) There exists a basis e1 . . . , en for Λ and numbers m1, . . . ,mn ∈ Z+ such that miei is a
basis for Λ′. Then (Λ : Λ′) =

∏
mi. You can then view the LHS as cutting D′ into m1, . . . ,mn pieces

in the corresponding directions given by ei, which yields the desired equality.
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Why does such a basis exist? Take Λ =
∑

Zei and let fj be a basis for Λ′. The matrix consisting of
the coordinates of fi’s with respect to ei when diagonalized, yieldsm1 0

. . .

0 mn



Remark. Based on part (b) of the observation above, we shall use the terms ”fundamental domain”
and ”fundamental parallelepiped” interchangably in the context of lattices.

Proof of Prop. 2.2, part (b). By definition we have

N (βOK) = #OK/βOK .

Let ω1, . . . , ωn be an integral basis for OK , then βω1, . . . , βωn is a basis for βOK and

OK =
∑

Zωi βOK =
∑

Zβωi,

hence we can view βOK ⊂ OK ⊂ Rn as lattices. Then OK corresponds to Λ in Observation 4
part (d) and βOK corresponds to Λ′. In this context, N (βOK) corresponds to the subgroup index
(Λ : Λ′).

2.4 Lattice points in convex bodies

Proposition 2.7. Let Λ ⊂ V be a full lattice with fundamental domain D and let S ⊂ V be a
measurable set. If VolS > VolD, then there exist α, β ∈ S such that

β − α ∈ Λ.

Proof. For λ ∈ Λ we denote Sλ := S ∩ (λ+D). Now we can express the volume of S as follows

VolS =
∑
λ∈Λ

VolSλ.

The volume remains unchanged under shifting action, hence

VolS =
∑
λ∈Λ

Vol(−λ+ Sλ︸ ︷︷ ︸
⊂D

) > VolD,

therefore two such sets must intersect. Then there exist α, β ∈ S and λ, λ′ ∈ Λ such that

−λ+ α = −λ′ + β =⇒ α− β = λ− λ′ ∈ Λ.

Theorem 2.8 (Minkowski). Let T ⊂ V be a compact convex subset symmetric around the origin i.e.
α ∈ T iff −α ∈ T . Let Λ be a full lattice on V with the fundamental domain D. If VolT ≥ 2nVolD,
then T ∩ Λ ̸= {0}.
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Proof. Whenever T ̸= ∅, then 0 ∈ T , so it is natural for us to ask whether some non-zero element
lies in T . It suffices to prove the case with strict inequality i.e.

VolT > 2nVolD.

We set

S :=
1

2
T =

{
t

2

∣∣∣∣ t ∈ T

}
.

Now VolS > VolD. By Prop. 2.7 there exist α, β = γ
2
, δ

2
∈ S such that

Λ ∋ β − α =
δ + (−γ)

2
.

−γ ∈ T by symmetry and the whole RHS then lies in T by convexity.

Corollary 2.9. Every positive integer is a sum of four squares.

Proof. It suffices to prove the statement for prime numbers.
For p = 2, we have p = 1 + 1 + 0 + 0. Let p > 2 be a prime number.

Observation 5. The following modular equality

m2 + n2 + 1 ≡ 0 mod p

has a solution in Z.

Proof of Observation 5. Rewriting the equality as follows

m2 ≡ −n2 − 1,

one can see that there are p+2
2

possible values for the RHS and the same number of possible values
for the LHS. By pigeonhole principle, at least two must meet and give a solution.

Fix a solution (m,n) for the equality from the observation above and consider the set Λ ⊂ Z4

Λ := {(a, b, c, d) | c ≡ ma+ nb, d ≡ mb− na mod p}.

Since Z4 is discreet, Λ is also discreet and moreover it is a subgroup of Z4, hence a lattice. We have

a2 + b2 + c2 + d2 ≡ a2(1 +m2 + n2) + b2(1 +m2 + n2) + 2mnab− 2mnab ≡ 0,

therefore multiples of p can be expressed as a sum of 4 squares.

Observation 6. (Z4 : Λ) = p2 =⇒ VolDΛ = p2.

Proof of Observation 6. We have Z4 ⊃ Λ ⊃ (pZ)4, hence Λ is full. By second isomorphism theorem

Z4
/Λ ≃ (Z/pZ)4/Λ/(pZ)4.

From this, we see that (Z4 : Λ) = (F4
p : Λ/(pZ)4). The quotient Λ/(pZ)4 is a Fp-vector space of

dimension 2, hence the index

(F4
p : Λ/(pZ)4) =

#F4
p

#Λ/(pZ)4
=
p4

p2
= p2.
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Let T denote the closed ball of radius r at the origin in R4 such that r2 = (2−ε)p for some sufficiently
small ε > 0.

VolT =
π2r4

2
= π2(2− ε)2p2

1

2
> 24VolDΛ,

thus by Thm. 2.8 there exists a non-zero (a, b, c, d) ∈ T ∩ Λ i.e.

a2 + b2 + c2 + d2 ≡ 0 mod p

a2 + b2 + c2 + d2 < r2 < 2p,

hence p = a2 + b2 + c2 + d2.
Now one checks that the identity

(a2 + b2 + c2 + d2)(A2 +B2 + C2 +D2) = (aA− bB − cC − dD)2 + (aB + bA+ cD − dC)2

+ (aC − bD + cA+ dB)2 + (aD + bC − cB + dA)2

holds for all positive integers, which concludes the proof.

Exercise. Show that all prime numbers satisfying p ≡ 1 mod 4 can be expressed as a sum of two
squares.

2.5 Minkowski space

Definition. Let K be a number field of degree n with r real embeddings σ1, . . . , σr : K ↪→ R and
2s complex embeddings

σr+1, σ̄r+1, . . . , σr+s, σ̄r+s : K ↪→ C.

We then define the Minkowski embedding as the map

σ : K ↪→ Rr × Cs

α 7→ (σ1α, . . . , σr+sα).

We call the real vector space V := Rr × Cs of dimension r + 2s = n the Minkowski space.

Proposition 2.10. Let I < OK. Then σ(I) is a full lattice in V of covolume

N I · |∆|1/2

2s
.

Proof. Take an integral basis for the ideal I = Zα1 + · · ·+ Zαn, such basis exists by Prop. 1.8. The
image σ(I) is generated by σ(α1), . . . , σ(αn). We need to check whether they are independent over
R to see if they form a lattice.

Let A be a matrix, whose i-th row is of the form

(σ1αi . . . σrαi, Reσr+1αi, Imσr+1αi, . . . ).

Matrix A has a non-zero determinant, hence the generators of σ(I) are indeed linearly independent
over R and thus σ(I) is a lattice.
Now consider a matrix B with i-th row of the form

(σ1αi . . . σrαi, σr+1αi, σ̄r+1αi, . . . ).

Matrices A and B are related by some collumn operations.

detA = (−2i)−s detB ̸= 0.
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The determinant of B is non-zero, because B is the matrix M from 1.4 and since ∆K

1.6

̸= 0, then
detM ̸= 0. Thus σ(I) is a full lattice. Since A can be viewed as having σαi’s as its rows, then
VolD = | detA|. By 1.6(b)

|∆(α1, . . . , αn)| = (OK : I)2|∆K |
| detA| = 2−s(OK : I)|∆K |1/2 = 2−s|∆K |1/2N I.

Lemma 2.11. Let x := (x1, . . . , xr, zr+1, . . . , zr+s) ∈ V . We define a norm on V as

∥x∥ :=
r∑
i=1

|xi|+ 2
r+s∑
i=r+1

|zi|.

Furthermore we shall denote the measure associated with this norm by Meas and define the closed
ball in V as the set

X(t) := {x ∈ V | ∥x∥ ≤ t}.

Then

MeasX(t) =
2rπstn

n! 2s
.

Exercise. Check that Lemma 2.11 holds for (r, s) = (1, 0), (0, 1).

Proposition 2.12. Let I < OK. Then there exists a non-zero element α ∈ I such that

|Nα| ≤ BK · N I.

Proof. Let D be the fundamental domain for σ(I). The set X(t) is symmetric, convex and compact.
Let t be such that we can use Thm. 2.8, by which there exists a non-zero σ(α) ∈ σ(I) ∩X(t). Now

|Nα| = |σ1α| . . . |σrα| · |σr+1α|2 . . . |σr+sα|2
AG

≤
AG

≤

(
r∑
i=1

|σiα|+ 2
r+s∑
j=r+1

|σjα|

)n

· 1

nn
≤ tn

nn
.

Since we assumed

VolX(t) ≥ 2nVolD,

then by 2.10 and 2.11 we have

2rπstn

n! 2s
≥ N I · |∆|1/2

2s
.

Now choose t such that the expressions above are equal, then we isolate tn and plug in as follows

|Nα| ≤ tn

nn
=
n!

nn
· 2n

2rπs
· N I · |∆|1/2 = BK · N I.

Now we can prove the Minkowski bound from Thm. 2.3
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Proof of 2.3. Let [A] ∈ CℓK . Consider the class [A−1], which contains some ideal J < OK . By 2.12
there exists a non-zero β ∈ J such that

|Nβ| ≤ BK · NJ.

Since βOK ⊂ J , then J | βOK , thus there exists an ideal H < OK such that HJ = βOK . Now

[H] = [J−1] = [A] =⇒ H ∈ [A].

Therefore

NJ · NH = N (βOK)
2.2
= |Nβ| ≤ BK · NJ

NH ≤ BK .

2.6 Dirichlet’s unit theorem

In this section we will state the Dirichlet’s unit theorem and prove it. The proof will be split into
parts, which we will be proving separately throughout this section.

Definition. We denote by µ(K) the torsion subgroup of OK i.e. the subgroup of all elements of
finite order.

Remark. Each ζ ∈ µ(K) is a root of unity and we will often refer to them as such.

Theorem 2.13 (Dirichlet’s unit theorem). Let K be a number field with r real embeddings and 2s
complex embeddings. Then O×

K is a finitely generated abelian group of rank r + s− 1.

Definition. The free generators of O×
K are called the fundamental units i.e.

O×
K = {ζ · um1

1 . . . u
mr+s−1

r+s−1 | ζ ∈ µ(K), mi ∈ Z},

where ζ, u1, . . . , ur+s−1 are pairwise distinct. The tuple (u1, . . . , ur+s−1) is called the system of fun-
damental units.

Lemma 2.14. An element α ∈ K lies in O×
K iff α ∈ OK and Nα = ±1.

Proof. Let α ∈ O×
K , then it clearly lies in OK so it suffices to check the norm condition. Since α is

invertible, there exists β ∈ O×
K such that αβ = 1. Then

NαNβ = 1.

Since both Nα and Nβ lie in Z, then Nα = ±1.

Let α ∈ OK with Nα = ±1.

±1 = Nα
1.2
=
∏
σ

σα

±1 = α ·
∏
σ ̸=id

σα =: α · β

Since K is a field and β = α−1, then β ∈ K. σα are conjugates of α, so they are roots of mα, hence
σα ∈ OQ̄, therefore β ∈ OQ̄ and β ∈ OK .

Lemma 2.15. µ(K) is finite and cyclic.
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Proof. Since µ(K) is a multiplicative subgroup of a field, then its finiteness implies that is it cyclic,
hence it suffices to show that it is finite.

Let ζm ∈ µ(K) be an m-th root of unity. Since Q(ζm) ⊂ K, then [Q(ζm) : Q] divides [K : Q].
However there are only finitely many m with φ(m) ≤ C for each bound C, hence µ(K) is finite.

We will now start building up towards the proof of Dirichlet’s unit theorem. We will first show that
O×
K is finitely generated by proving the following proposition.

Proposition 2.16. Let m, M ∈ Z. Then the set of all α ∈ OQ̄ such that

• degmα
:= degα ≤ m

• |α′| ≤M for all conjugates α′ of α

is finite.

Proof. α is a root of monic f = xd + ad−1x
d−1 + · · · + a0 ∈ Z[x] with deg f ≤ m. By Viéte formula

the coefficients of f are also bounded. Since f is monic, we have

−ad−1 =
∑

α′.

Now

|ad−1| ≤
∑

|α′| < dM ≤ mM,

but then there are only finitely many possible α′.

Corollary 2.17. Let α ∈ OQ̄ such that each conjugate α′ of α satisfies |α′| ≤ 1. Then α is a root of
unity or zero.

Proof. Let k ≥ 1, then αk ∈ Q(α) and hence αk has a bounded degree. Since taking a conjugate
is a homomorphism, we have |αk| ≤ 1. By Prop. 2.16 the set {1, α, α2 . . . } is finite, which means
αk = αℓ for some k ̸= ℓ. Then αℓ−k = 1, hence α is either zero or a root of unity.

Definition. We define a map

L : K×(·) ↪→ Rr+s(+)

α 7→ (log(σ1α), . . . , log(σrα), 2 log(σr+1α), . . . ),

which is a group homomorphism called the logarithmic Minkowski embedding.

Now consider taking u ∈ O×
K , so |Nu| = 1. We have

1 = |σ1u| · · · · · |σru| · |σr+1u|2 . . .
0 = log |σ1u|+ · · ·+ log |σru|+ 2 log |σr+1u|+ . . .

The image L(u) thus lies in a hyperplane consisting of solutions to

x1 + · · ·+ xr+s = 0.

We shall denote this hyperplane by H and remark that H ≃ Rr+s−1 as real vector spaces (e.g.
consider the map x 7→ (x1, . . . , xr+s−1))

Proposition 2.18. The image of L : O×
K → H is a lattice in H and the kernel KerL = µ(K) is

finite.
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Proof. Let α ∈ KerL, thus |σiα| = 1 for all i. By Cor. 2.17 α is a root of unity and hence lies in
µ(K), which is finite by Lemma 2.15.

Consider a bounded subset C ⊂ H containing the origin. C is contained in a box

{(x1, . . . , xr+s) ∈ H | |xi| ≤M}

for some bound M . If L(u) ∈ C, then |σju| ≤ eM for all j. By Prop. 2.16 there are only finitely
many u ∈ O×

K such that L(u) ∈ C, hence L(O×
K) is discreet and thus it is a lattice.

We now have
RankO×

K = Rank(L(O×
K)) ≤ dimH = r + s− 1,

hence we have an upper-bound for the rank of O×
K . Now we complete the proof of Dirichlet’s theorem

by showing the precise rank of O×
K in the following theorem.

Theorem 2.19. L(O×
K) is a full lattice. Therefore RankO×

K = r + s− 1.

Proof. Let x := (x1, . . . , xr+s) ∈ Rr × Cs and we define the norm of an element as

Nx := x1 · · · · · xr · xr+1 · x̄r+1 . . .

Now we have
NK/Q(α) = N(σα)

where σ is the Minkowski embedding. Furthermore we have

|Nx| = |x1| · · · · · |xr| · |xr+1|2 . . .

Let us now consider x ∈ Rr × Cs such that |Nx| = 1 and the set

x · σ(OK) = {x · σα |α ∈ OK},

where ”·” denotes the euclidian inner product. By Prop. 2.10 σ(OK) is a full lattice with covolume

VolD = 2−s|∆|1/2

and x · σ(OK) is also a full lattice with the same covolume.
Consider now T ⊂ Rr × Cs as in Thm. 2.8. Then there exists a non-zero γ ∈ OK such that
x ·σγ ∈ T . Since T is compact, then all its points have bounded coordinates and thus have bounded
norm. Consider xσ(γ) ∈ T , then N |xσγ| ≤ M for some M that only depends on the choice of T ,
hence NK/Q|γ| = N |σγ| ≤ 2M . Therefore the principal ideal γOK has bounded norm. There are
however only finitely many principal ideals satisfying this bound, let us denote them as (γ1), . . . (γt).
If xσγ ∈ T , then (γ) = (γi) for some i, hence there exists a ε ∈ O×

K such that γiε = γ. Then
xσε ∈ σ(γ−1

i )T . Let
T ′ := σ(γ−1

1 )T ∪ · · · ∪ σ(γ−1
t )T,

which is compact and bounded. Therefore for all x with |Nx| = 1 there exists ε ∈ O×
K such that

|xiσiε| ≤M ′ for some M ′ that is independent of x.

For r + s− 1 = 0 the theorem holds. Let r + s− 1 ≥ 1. For each 1 ≤ i ≤ r + s choose x such that
|Nx| = 1 and |xj| > M ′ for all j ̸= i. There exists a unit εi ∈ O×

K such that |σjεi| < 1 for all j ̸= i
i.e. log |σjεi| < 0.

Now we shall prove that
L(ε), . . . , L(εr+s−1)
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are linearly independent vectors in L(O×
K) i.e. the matrix with rows of the form

(ℓ1εi, . . . , ℓrεi, 2ℓr+1εi, . . . , 2ℓr+s−1εi)

is invertible, where

ℓjεi := log |σjεi|.

We know ℓjεi < 0 for all j ̸= i and

ℓ1εi + · · ·+ 2ℓr+sεi = 0.

Then the sum of i-th row is −2ℓr+sεi > 0. Proving the following lemma from linear algebra concludes
the proof.

Lemma. Let (aij) be a real matrix such that
(a) aij < 0 for all j ̸= i
(b)

∑
j aij > 0 for all i

Then it is invertible.

The proof of Theorem 2.13 is thus also concluded. Let us now provide some remarks about the
system of fundamental units.

How to find the fundamental units
(a) Choose m ∈ N and find many αi ∈ OK such that N(αi) = ±m. Since there are only finitely
many such αi’s, we will have collisions of the form (αi) = (αj), but then αiα

−1
j ∈ O×

K .
(b) Repeat (a) until you have found enough such units, they then generate a subgroup of finite index.
But how do we know when we have enough units? We will introduce the notion of regulator, which
will help us determine that

Regulator
Let t := r + s− 1 and ε1, . . . , εt be independent units.

Definition. The regulator denoted by Reg(ε1, . . . , εt) is the determinant of a matrix with i-th row
of the form

ℓεi = (log |σ1εi|, . . . , 2 log |σr+1εi|, . . . ).

Moreover we define

RegK := RegO×
K = |Reg(ε1, . . . , εt)|,

where (ε1, . . . , εt) is the system of fundamental units.

Class number formula
Now how do we find RegO×

K? We will use the class number formula

hK =
wK |∆K |1/2

2r(2π)sRegO×
K

· ress=1 ζK(s),

where wK = #µ(K) and ζK is the Dedekind zeta function. Note that µ(K) is finite by Lemma 2.15
and wK ≥ 2 because we always have ±1 ∈ µ(K).
The Dedekind zeta function is defined as

ζK(s) =
∑
I<OK

N(I)−s
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and it is an extension of the Riemann zeta function in the sense that choosing K = Q gives us
OK = Z and since all ideals I < Z are principal of the form (n) for n ∈ Z with N(n) = n, then we
have

ζQ(s) =
∞∑
n∈Z

1

ns
,

which is the Riemann zeta function.
Now since we know how to find hK from the previous chapter, the only thing that remains is RegO×

K ,
which we can obtain from the class number formula.

S-units

Definition. LetK be a number field and S be a finite set of prime ideals inOK . Alegebraic S-integers
is a set

OK(S) := {α ∈ K | ordP α ≥ 0 ∀P ̸∈ S}.

Furthermore we define the set of algebraic S-units

O×
K(S) := {α ∈ K | ordP α = 0 ∀P ̸∈ S}

Exercise. Show, that OK(∅) = OK .

Example. Let K = Q and S = {(2), (3), (5)}. Then

O×
K(S) = {±2k3ℓ5m | k, ℓ,m ∈ Z}.

Theorem. O×
K is finitely generated group of rank r + s− 1 + #S for all S and a number field K.



3. Cyclotomic fields & FLT

3.1 Cyclotomic fields

From now on let ζ be a primitive n-th root of 1 and consider the number field K := Q(ζ). In this
section we will aim to understand the ring of integers OK of such number fields. Some proofs will not
be provided and together with more details can be found in the text (in Czech only) linked bellow.
https://www.karlin.mff.cuni.cz/∼kala/files/TC25.pdf

Exercise. Show that if ζ is a primitive n-th root of 1, then ζa is a primitive n-th root of 1 iff (a, n) = 1.

Now K = Q(ζ) is a splitting field for mζ,Q and also it is the splitting field for xn− 1 =
∏n

a=1(x− ζa).
Moreover K/Q is a Galois extension.

Definition. For n ∈ N we define the n-th cyclotomic polynomial

Φn(x) =
n∏

a=1,(a,n)=1

(x− ζa) =
∏
ζ′

(x− ζ ′),

where ζ ′ is a primitive n-th root of 1.

Remark. (a) deg Φn(x) = ϕ(n), where ϕ is Euler’s totient function.
(b) xn − 1 =

∏
d|nΦd(x).

From now on let G := Gal
(
K/Q

)
. Elements of G permute the roots of xn − 1. Let σ ∈ G, then

σζ = ζa for some a. Since σ is invertible, then a is also an invertible element mod n, hence (a, n) = 1
and thus elements of G map primitive n-th roots to primitive n-th roots. The coefficients of Φn are
therefore also preserved by elements of G and thus

Φn ∈ Q[x] ∩ OQ̄[x] =⇒ Φn ∈ Z[x].

For (a, n) = 1 we define a map σa such that σaζ = ζa. For each σ ∈ G there exists a such that
σ = σa.
However σa is not necessarily well-defined. Consider f, g ∈ Q[x], then

σa(f(ζ))
def
= f(ζa).

If we suppose that f(ζ) = g(ζ), then for σa to be well-defined it is necessary that f(ζa) = g(ζa).
Let us examine a simpler case. WLOG let f(ζ) = 0, then we need that ζa is also a root of f . Since
f(ζ) = 0 ⇐⇒ mζ,Q | f , then it would suffice that mζ,Q(ζ

a) = 0. This is equivalent to Φn being the
minimal polynomial, hence irreducible.
Consider now the following injective group homomorphism

ψ : G→
(Z/n)×

σa 7→ a

This map is surjective (and thus an isomorphism) if and only if Φn is irreducible.
We can summarize our findings so far into the following proposition.

36

https://www.karlin.mff.cuni.cz/~kala/files/TC25.pdf
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Proposition. TFAE
(a) ψ : G→

(Z/n)× is an isomorphism.
(b) [K : Q] = ϕ(n)
(c) G acts transitively on primitive n-th roots of 1.
(d) Φn is irreducible in Z[x].

Proof. Left as an exercise. Try proving equivalences involving (a).

Theorem 3.1. Let ζ be a primitive n-th root of 1 and K = Q(ζ). Then
(a) [K : Q] = ϕ(n)
(b) OK = Z[ζ] i.e. 1, ζ, . . . , ζφ(n)−1 is integral basis.
(c) if a prime number p ramifies in K, then p |n. More precisely if n = prm with p ∤ m then

pOK = ( P1, . . . , Ps︸ ︷︷ ︸
pairwise distinct

)φ(p
r).

Proof. For proof see Milne’s Algebraic Number Theory available at:
http://www.jmilne.org/math/CourseNotes/ant.html

Proposition 3.2. Let n = pr for p a prime number and let ζ be a primitive n-th root of unity. If
we denote K = Q(ζ), then
(a) [K : Q] = ϕ(pr) = pr−1(p− 1).
(b) OK = Z[ζ]
(c) π = 1−ζ is a prime element in OK i.e. (p) = (π)e, where e = ϕ(pr). By the EFG theorem (1.18)
this means

OK/(π) ≃ Z/(p).

(d) ∆K = ±pc, where c = pr−1(pr − r − 1).

Proof. Since ζ is a root of xn − 1, then ζ ∈ OK and Z[ζ] ⊂ OK . It remains to prove the other
direction.

Observation. Let ζ ′ be some other n-th root of unity, then Z[ζ] = Z[ζ ′] and Q(ζ) = Q(ζ ′) = K.

We have ζs = ζ ′ for some (s, n) = 1.

1− ζ ′

1− ζ
= 1 + ζ + ζ2 + · · ·+ ζs−1 ∈ Z[ζ]

1− ζ

1− ζ ′
∈ Z[ζ ′] = Z[ζ],

therefore
1− ζ ′

1− ζ
∈ Z[ζ]× ⊂ O×

K .

Let us now prove part (a). We have

degmζ = [K : Q] ≤ deg Φn = ϕ(n).

Recall that we can write
xn − 1 =

∏
d |n

Φd(x),

hence
xp

r − 1 = Φpr(x) · (xp
r−1 − 1) (3.1)

http://www.jmilne.org/math/CourseNotes/ant.html
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If we denote t := xp
r−1

, we can rewrite

Φn(x) = Φpr(x) = 1 + t+ · · ·+ tp−1

Φpr(1) = p =
∏
ζ′

(1− ζ ′) =
∏ 1− ζ ′

1− ζ
(1− ζ).

Since 1−ζ′
1−ζ lies in O×

K , then we obtain

p = Φpr(1) = u · (1− ζ)e,

for some u ∈ O×
K . Denoting π := (1− ζ) then yields us the equality (π)e = (p). By the EFG theorem

(1.18) we then have

e ≤ [K : Q] ≤ ϕ(n) = e,

hence the proof of part (a) is concluded. Also since (π) is a prime ideal in OK , then π is a prime
element (exercise), which concludes part (c).

Thanks to the EFG theorem we now also have the following isomorphism

OK/(π) ≃ Z/(p).

Consider the map

Z/(p) → OK/(π)

a+ (p) 7→ a+ (π)

which is an injection between fields. Since the inertia degree is equal to 1, this map is also an
isomorphism, which yields

OK = Z+ πOK (3.2)

If we now show that

∆
(
Z[ζ]/Z

)
= ∆(1, ζ, . . . , ζn−1) = ∆

(OK/Z
)
· (OK : Z[ζ])2 = pk

for some k, then we will have ∆K = pk and (OK : Z[ζ]) = pM i.e. pMOK ⊂ Z[ζ].

We have

∆(1, ζ, . . . , ζn−1) = NK/Q(Φ
′
n(ζ)).

Using (3.1) we obtain

Φ′
n(ζ) =

nζn−1

ζpr−1 − 1
.

Furthermore we have

N(pr) = N(p)r = pre

N(ζ) = 1.

To determine N(ζp
r−1 − 1), we use the following lemma.

Lemma. N(1− ζp
s
) = ± pp

s
for all 0 ≤ s < r.

Proof. If s = 0, then N(1− ζ) is plus or minus the constant term of Φn(1− x), which is Φn(1) = p.
The rest of the proof of this lemma as well as the rest of part (d) is left as an exercise.
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What remains to be proven is part (b), so we aim to prove OK = Z[ζ]. From (3.2) we have

OK = Z[ζ] + πOK

πOK = πZ[ζ] + π2OK

OK = Z[ζ] + πZ[ζ] + π2OK

OK = Z[ζ] + π2OK

and hence

OK = Z[ζ] + πjOK

for all j. Thus we can rewrite it as

OK = Z[ζ] + pmOK

for all m. However for m =M we have pMOK ⊂ Z[ζ] and therefore OK = Z[ζ], which concludes the
proof.

3.2 Regular primes and units

Definition. Let p be an odd prime number and let hp denote the class number of Q(ζp). We say
that p is regular if p ∤ hp.

Remark. It is not known whether there are infinitely many regular primes. However it is known that
there are infinitely many irregular primes.

Theorem. TFAE:
(a) p is a regular prime.
(b) p does not divide the denominator of Bk for all k = 2, 4, . . . , p−3, where Bk is the k-th Bernoulli
number. Those are numbers that satisfy the following:

t

et − 1
=

∞∑
n=0

Bn ·
t

n!
.

Definition. Let ζ be a primitive n-th root of unity. We define

Q(ζ)+ := Q(ζ + ζ−1),

which is the largest totally real subfield in Q(ζ) i.e. all conjugates of the generator are real or
equivalently all embeddings of Q(ζ)+ are real.

Lemma 3.3. Let K = Q(ζ) and n = pr. Then for all u ∈ O×
K there exists µ ∈ µ(Q(ζ)) and

v ∈ O×
Q(ζ)+ such that

u = µ · v.

Proof. Proof is left as an exercise.

3.3 FLT

Theorem 3.4. Let p be an odd regular prime number. Then there are no x, y, z ∈ Z satisfying

xp + yp = zp and p ∤ xyz.
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Proof. Assume towards contradiction that there is a solution and that (x, y, z) = 1 (they are coprime).
For p = 3 we have

a3 ≡ 0, ±1 mod 9

for all a, which leads to a contradiction. Similarily for p = 5. We assume then that p ≥ 7 and WLOG
assume p ∤ x− y (exercise).

Consider a polynomial in variable T

T p + 1 =

p−1∏
i=0

(T + ζ i).

Now for T = x
y
we obtain

xp + yp =

p−1∏
i=0

(x+ ζ iy) = zp.

Let us now view the terms (x+ ζ iy) in Z[ζ] = OQ(ζ).

Lemma 3.5. x+ ζ iy ∈ Z[ζ] generate pairwise coprime ideals.

Proof of Lemma 3.5. We will prove this lemma by contradiction by assuming that there exists a
prime ideal P such that

P | (x+ ζ iy), P | (x+ ζjy)

for some i ̸= j. Then we have
P | ((ζ i − ζj)y).

Observe now that (ζ i − ζj) = (π) = (1− ζ) and hence

P | (πy) and P | (πx).

Now since x and y are coprime in Z, then they are coprime in Z[ζ], therefore P | (π). However since
(π) is a prime ideal, then P = (π). Now we have

π = 1− ζ =⇒ 1 ≡ ζ i mod π

=⇒ x+ y ≡ x+ ζ iy ≡ 0 mod π

=⇒ x+ y ∈ Z ∩ (π) = (p)

=⇒ zp = xp + yp ≡ x+ y ≡ 0 mod π

which is a contradiction.

Observation 7. (a) ∀α ∈ Z[ζ] : αp ∈ Z+ pZ[ζ].
(b) Let α = a0 + a1ζ + · · · + ap−1ζ

p−1 where ai ∈ Z and let at least one ai = 0. Let n ∈ Z be such
that n |α, then n | ai for all i.
Proof of the Observation is left as an exercise.

Consider the following as an equality of ideals in Z[ζ]

(z)p =

p−1∏
i=0

(x+ ζ iy).

Ideals (x + ζ iy) are pairwise coprime (Lemma 3.5), so their prime factorizations must be disjoint.
Moreover each factor must be a p-th power, hence we denote (x+ ζ iy) =: Api . Since A

p
i is principal,

then the order of Ai in the class group divides p, therefore it is either 1 or p. By Lagrange’s theorem,
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the order of Ai also divides hp and since p is a regular prime, we are left with the order of Ai being
1, which means that Ai is a principal ideal.
Let Ai =: (αi) for all i and consider for example α1:

α := α1 = x+ ζy = uαp

for some u ∈ O×
Q(ζ). By Lemma 3.3 we have

u = µ · v

where µ = ζr for some r. Therefore
x+ ζy = vζr · αp,

with v = v̄, because v ∈ Q(ζ)+ (by Lemma 3.3). Now by the Observation 7 part (a) we have

αp ≡ b mod pZ[ζ]

for some b ∈ Z. From this we have

x+ ζy ≡ vζr · b mod pZ[ζ]
x+ ζ̄y ≡ vζ−r · b
=⇒ vb ≡ ζ−r(x+ ζy)

≡ ζr(x+ ζ−1y)

which is a contradiction with the Observation 7 part (b).
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