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Introduction

0.1 Notation

Here is some notation that may differ from other texts and that is consistently used throughout these
notes:

o If we write A C B, we allow A = B. If we want to write that A is a proper subset of B, we
write A C B.

e R* denotes the set of invertible elements of a ring R.

o If L, K are fields, we use the symbol L/K (read "L over K”) to denote that L is a field
extension over K.

e We use the symbol # to denote the number of elements in a set e.g. #G is the number of
elements of G.

0.2 Motivation

To motivate our interest in some of the topics we will study, we will attempt to provide an outline
of a proof of Fermat’s Last Theorem (or FLT for short). Let us first remind ourselves what the
statement of this theorem is.

Theorem (Fermat’s Last Theorem). For n > 3, the equation
has no non-trivial (meaning x,y, z # 0) solutions in Z.

”Proof”:
Let n > 3 and assume towards contradiction that the triple (x,y, z) solves the equation. WLOG we
can assume that x,y, z are coprime. We can rewrite the equation as:

Y =" 2" = (z—2)(z — Gur) ... (2 — ("),
where (,, denotes the n-th root of unity ¢, = e, The rest of the proof is divided into the following

steps.

Step A:
The terms (z — z)(z — (ux) ... (2 — " 'x) are (essenatially) coprime in Z[(,].

Step B:
We factor the terms into irreducibles

z—x=myt. Tk

_ b by
e =g
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Step A implies that 7;’s and p;,’s are pairwise distinct. Now we can rewrite the LHS like this

/ /
n __ _nay nbj
yr=m

But then all the exponents on the RHS are divisible by n. This allows us to move onto the next step.

Step C:
We can now write

n

Z—r =«
z— G = "

for some «, 5 € Z[(,).

Step D:

Our aim now is to write «, (3, ... in some basis and compare the coefficients to arrive at a contradic-

tion.

Now it is important to note that this proof would not be a viable proof of Fermat’s Last Theorem in
general case, but if we address the problems in this proof, we can make it work in a certain special
case.

Problems:

e Firstly, it is useful to assume that n is an odd prime. Once the proof is done for primes, one
easily proves the theorem for composite numbers. Let us denote this odd prime as p.

e Now we should distinguish so called 1st and 2nd case of FLT. The 1st case is when p does not
divide zyz and the 2nd case is when it does.

e Since Z[(,] need not be a UFD in general, the factorization into irreducibles in Step B may not
be unique. We should instead factor into prime ideals.

e After factorizing into prime ideals, we will only get z — z = AP etc. for some ideal A in Step
C. We need to introduce a ”class group” which will be trivial iff Z[(,,] is UFD. If we then limit
ourselves to primes that do not divide the size of this class group (we will call them regular
primes), then we can replace the ideal A with an element (after considering invertible elements).

After solving these problems, we will be able to prove the 1st case of Fermat’s Last Theorem for
regular primes. This way the proof serves as a motivation for us to study the class group and other
related topics.

0.3 Recap

In this section we state important definitions and theorems from the introductory Commutative
Algebra course we will need. All proofs and further details can be found in the text linked bellow
(in Czech only):

https:/ /karlin.mff.cuni.cz/~kala/files/UKA24.pdf

We may also sometimes need to reference theorems or propositions, which can be found in this text.
These will be marked by the number of the theorem preceded by ” UKA” e.g. "UKA Thm. 1.17.

Definition. A number field K is a finite degree extension of Q.

Theorem (Primitive element theorem). Let K be a number field. Then there exists an algebraic
element a € K such that K = Q(«a) = Q[a].


https://karlin.mff.cuni.cz/~kala/files/UKA24.pdf
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Definition. Let K D Q be a field. Then

(a) Let S D R be rings. We say that o € S is integral over R if there exists a monic polynomial
f € RJz] such that f(«)=0.

(b) Ok denotes the ring of elements o € K that are integral over Z.

Theorem. Let S O R be rings, then TFAE:

(a) a € S is integral over R.

(b) Minimal polynomial for o over R is monic.

(¢) R[a] is finitely generated R-module.

(d) There ezists R' such that Rlo] C R' C S and R’ is a finitely generated R-module.

Definition. Let D € Z be such that D # 0,1 and is square-free. A quadratic field is then K =

Q(VD).
Theorem. Let K = Q(v/D) be a quadratic field, then

O — Z[vVD] for D=2,3 (mod 4)
e Z[”f] for D=1 (mod 4)

Definition. Let K = Q(v/D) be a quadratic field. If we write the elements of K like this
K ={a+bVD| a,beQ},
then we define the norm as the map
N:K—=Q
a+bVD s a> - VD.

and the trace as the map

Tr: K —-Q
a—+bvVD — 2a.



1. Prime Ideals in Oy

1.1 Trace & Norm

Definition. Let L D K be a field extension of finite degree n. Let e = (ey, ..., e,) denote the basis
of the K-vector space L and let a € L, then
(a) we denote by M.(«) the matriz of multiplication by « defined as

M () = (aij)i<ij<n

where
n

Q- ej = E aijei.

i=1
(b) we define the norm denoted by Ny k as

NL/K(Oé) = det(Me(a)) € K.
(c) we define the trace denoted by Try/k as
Trp k(o) = Tr(Me(a)) € K.

(d) we define the characteristic polynomial for o in L/K as

n

Ca, Lk () = det(z] — M,(a)) = Zcixi € Kz].

=0

Remark. Let o € L and ¢, 1/x(x) = > 1, c;a’, then

(a) ¢, =1
(b) co = ca, 1/x(0) = (=1)" Nk (a)
(c) cp1 = = Trp k()

Ezxercise. Prove that the trace and norm are independent of basis for L.

Ezample. Let L = Q(v/D) for some square-free D # 0,1 and K = Q. The basis for L is then
e = (1,v/D). For some o = a + bv/D € L we compute

a-lza—i—b\/ﬁ
a-VD =bD +aVD

and now
a bD
Me(a) = (b a )
Npr(a)=a®>—b*D = ad
Trr/k(0) =2a=a+d
Ca(r) = 2% — 2 Tr(a) + N(a)

where o = a — byV/D. Also if a € Q, then ¢, is the minimal polynomial for a.

6
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Proposition 1.1. Let L D K be a field extension of finite degree n and o € L. Let us denote by
m(z) the minimal polynomial for o over K and by c(x) the characteristic polynomial for a. Then
(a) c(z) = m4(x) where d = [L : K(a)]

(b) c(a) =0

(¢c) Niyx(a) = (=1)"co = (—=1)"m§ = (Ng(a)/x(a))"

(d) TI'L/K<CY) = —Cp—1 — dTl"K(a)/K(Oé)

Proof. Parts (b)-(d) all follow from (a), so it suffices to prove part (a).
CASE 1: Assume L = K(a) for some a € L, then d = 1. We choose the basis e = (1,q,...,a"!)

and compute the elements of M.(«). We have

ae; =o' = ejqq fori<n

n—1

ae, =" = —m,_i« cee— Mo — My

Now we can compute ¢(z) by taking the determinant of the matrix

T 0 0 mo

-1 =x 0 my
B:=xl—-M(a)=]10 -1 = Mo

0O ... 0 -1 z4+my_

which yields ¢(z) = m(x) (left as an exercise).

CASE 2: Now let d > 1 and (ey, ..., e4) be a basis for L/K(a) and (1,a,...,ad™!) be a basis for
K(a)/K. As an exercise, show that e;a’ is a basis for L/K. Then

i il
aeja = eja

dxd

Taking the determinant yields
c(z) = (det(B))? = m%(x).

]

Recall. Let K be a field and « be an algebraic and separable element over K and m(x) := mq/(z).
Then a K-homomorphism

0: Kla) = K

is uniquely determined by ¢(a)). Moreover ¢(«) is an (algebraic) conjugate of « i.e. it is a root of
The separability of a is equivalent to m having no multiple roots, which happens iff the number of
maps ¢ is equal to #of distinct roots of m = degm = [K(«) : K] iff
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Proposition 1.2. Let L/K be finite separable extension and o € L, ¢ := cqo, 1/x- Then
(a) c(z) = T1(z — ¢(a))

(b) Npjx(a) =[Te(@)

(¢) Troyx(a) = 3 ¢(a)

where the products and sums above iterate over all K-homomorphisms
0:L—-L=K.

Proof. (a) The restriction ¢|x(q) is uniquely determined by ¢(«), which is a conjugate of a. Con-
versely for a conjugate 3 there exists exactly one K-homomorphism

Y: K(a)— L
ar— [

By UKA Cor. 2.10 ¢ has exactly d = [L : K(«)] extensions ¢. By Prop.
c(x) = m(x)

= II @-v)

VK (a)—K

= ]I @—e@)

p:K () =K
The rest follows from part (a) and Prop. O
Exercise. Show, that Np k(o) € K for all a € L.
Corollary 1.3. (a) The norm as a map N : L* — K* is a homomorphism, therefore
N(ap) = N(a)N(B) for all o, B € L™
(b) The trace as a map Tr : L(+) — K(+4) is a group homomorphism, therefore
Tr(a+ 8) = Tr(a) + Tr(8) for all o, B € L

Exercise. Let M D L D K be separable extensions of finite degree. Show, that then
(a) NM/K = NL/K o NM/L

(b) TI'M/K = TrL/K OTI‘M/L

(c) Fora e K

NL/K(OZ) =
TI'L/K(CY)

I
S 9
3

a, n=I[L:K]|

1.2 Discriminant

Assuming a separable extension L/K of finite degree and a tuple of elements from L, we would like to
know, if said tuple is a suitable basis for the K-vector space L. The following notion of dicriminant
will help us in doing so.

Definition. Let L/K be a separable extension of degree n and «q,...,«, € L, then we define the
discriminant as
Alay, ..., 0p) = det(Trp k(o)) i<ij<n € K.
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Lemma 1.4. Let L/K be a separable extension of degree n and let @1, ...,y be all the
K-homomorphisms L — L and o, ..., «, € L. If we denote M = (pi(ej))1<ij<n, then

M"M = Trpx(0u0)1<i j<n-

and
Alay,. .., o) = (det(M))>.

Proof is left as an exercise (use Prop. [L.2)).

Proposition 1.5. Let L = K(v) be an extension of degree n over K. Then

A(Ly,....0" ) = (H(wi(v) —%(7))) — (~1) G N (' (7)),

i<j
where m is the minimal polynomial for v and @;’s are all the K-homomorphisms L — L.

Proof. We set

l=pi(1) @(y) .. @eily
M = : : :

L=pn(1) en(v) - @nly)
Taking the determinant yields

det(M) = [ J(ei(7) = 05(2))-

i<j
The first equality then follows from Lemma (1.4}
Let us now show the second equality.

m(z) = [[(x = ¢i(v))
m'(z) = (x — (7)) (T — @3(7)) - - - (2 — @n(7))+
+ (@ —e1(V)) (@ —@3(7)) - (7= pnu(7)) + ..

m/(0i(7) = [ (pi(7) = 0:(7))-

3,51

Now by Prop. |1.2
Nyye(m' () = [T eilm'(0) = [T m'(ei)) =
= 1] i) = (7)) =

4.3, 177
= (D) T =2y

]

Observation 1. Since ¢’s are distinct homomorphisms, then ¢;(7y) # ¢;(7) for all i # j and hence

AL,y #£0.
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Corollary 1.6. Let L/K be a separable extension of degree n.
(a) The map
B: LxL—K
(0,8) > Te(a)

18 a symmetric bilinear form, which is also non-degenerate i.e. for all x # 0 there exists y such that

B(z,y) # 0.
(b) Let aq, ..., ¢, B1,...,0n € L, Bj = Zpijai; P = (pzy) e K™, Then

A(By, ..., B) = (det P’ Aoy, ..., ap)
(c) (aq,... ) is a basis for L over K iff Aay,...,an) # 0.

Proof. (a) Since separable extensions are simple, we find v € L such that K(y) = L and then we
can take the basis (1,7,...,7" 1) for L/K. Then

ALy, ...,y Y = det(Tr(v'+7)),

which is not zero by Observation [I The rest follows from the fact that bilinear form B is non-
degenerate iff det(B(e;, e;)) # 0 where e;’s form a basis (exercise).
(b) If H is a matrix of bilinear form in basis ay,...,a,, then PTHP is the matrix in the basis

By, Bn. Then
Aoy, ... ap) = det(H)
A(By, ..., B) = det(PTHP) = (det P)*det H.

(c) Take B; := 7*~! is a basis for K(7)/K and A(1,7,...,7" ') # 0. Conversely if (ay,...,q,) is
not a basis, then the matrix P is singular, hence by part (b) we have A(ay,...a,) = 0. O

Exercise. For K :=Fy(z) and L := K(y/x) consider the extension L/K. Show that then

Trr k(o) =0 forall o € L.

1.3 Integral basis

From this section onward, let K be a number field and we shall denote n := [K : Q. We will also
consider ideals I < O to be non-zero. However we allow I = Oy.

We are quite familiar with the basis for K over QQ and how to find such basis. In this section, we will
explore the notion of basis for Ok over Z.

Observation 2. (a) Vo€ Kdm € Z, m #0: ma € Ok.
(b) For an ideal I < Ok, we have I NZ # {0}.

(¢) If a € Ok, then N(a), Tr(«a) € Z.

(d) If oy, ..., 0 € Ok, then A(ay,...,ap) € Z.

Proof. (a) Let
Q" + Q10" P+ +ag=0 a; €Z, a, #0.

Then multiplying by a”~! yields
(an@)" + ap_1(an0)" 4+ -+ a" tag = 0.

Hence a,a € O
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(b) Choose 0 # o € I C Ok and write the minimal polynomial for «

O:a"+an,1a”71+~--—|—a0 CLiEZ,CLO#O

apg=—a"—a, 10" ' - —aqa €1
(¢) We will show the proof for norm, for trace the proof is analogous. N(«) € Q. The conjugates
@;(a) all lie in Og because they share the minimal polynomial with .. By Prop. N(a) =[] gi(a),

therefore N(a) € QN Og = Z.
(d) Trivially true. O

Lemma 1.7. Every ideal I < Ok contains some basis for K/Q.

Proof. Let (e, ..., ay) be a basis for K/Q. By part (a) of Observation [ we can find non-zero m € Z
such that ma; € Ok for all 1 <i < n. By part (b) of Observarionwe can choose non-zero a € INZ.
Then (ama;)1<i<y is still a basis for K/Q and ama; € I, which concludes the proof. O

So far we know that the discriminant of a basis for Ok is non-zero and that it lies in Z. Proposition
might suggest that it is also always positive, but the following example contradicts this conjecture.

Example. Let K = Q(i). We then have a basis (1, i) =: (a1, a2). Now we compute its discriminant
with the use of Prop. for ¢ being the identity and ¢, the complex conjugation map.

A(Oél, OZQ) = (Z — 2)2
A(Oél, 0[2) =—4

Definition. Let (ay,...,a,) be a basis for K/Q. We call it the integral basis for I < Ok if
I:ZOé1+"'+ZOén.

The value of A(ay,...,a,) does not depend on the choice of basis and is called the discriminant of
the ideal I and denoted by A(I). The number A(Ok) is called the discriminant of the field K and
is often denoted by Ag.

Proposition 1.8. Let I < Ok and (o, ...,a,) € I be a basis for K/Q such that |[A(o, ..., o) is
mainimal. Then it is an integral basis.

Proof. |A(ay,...,a,)| € N, so considering the minimal value makes sense. Let
a=ca+ -+ ca, €1, where ¢; € Q.
Assume towards contradiction that ¢; € Z for some .. WLOG ¢; € Z.

a=lal+{a} lc1] € Z.

Consider the basis
fr:=a—|ci]ag, Bri=ag, ..., fBn = ap.
We have
br={ctag+- 4, =a—|alo
and the transition matrix

{Cl} Co cC3 ... Cp
0 1 0 ... O
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Taking the determinat yields det = {c;} # 0. We have
IABL, ., Ba)| = {erPIA(an, ... an)| < |A(ag, ..., an)],
which contradicts minimality, hence all ¢; € Z and
1 CZoy+ -+ Zay,.

The converse inclusion follows trivially. O

Exercise. Prove the Stickelberger theorem:
For all number fields K,
Ar=0or1l mod 4.

Proposition 1.9. Ok /[ is finite for all I < Ok-.
Proof. Choose non-zero a € I NZ. Since (a) < I, we have a surjection

OK/(CL)—»OK/]
a+ (a)—a+1.

Let wq,...,w, be an integral basis for Ok, then

{Xn:cl-wizogci ga}

=1

is a set of representatives of the equivalence on Ok induced by the ideal (a). Hence Ok / (a) 1s finite
with a” elements, hence Ok /T is also finite. O

Definition. Let R be a domain and F its field of fractions. We say that R is integrally closed over
Z if whenever o € F' is integral over Z, then o € R.

We say that a domain R is Dedekind if

(a) R is noetherian,

(b) Each prime ideal P < R is maximal,

(c) R is integrally closed.

Corollary 1.10. Ok is a Dedekind domain.

Proof. Ok being integrally closed over Z is trivially true from definition. It suffices to show that
Ok is noetherian and that each prime ideal P < Ok is maximal. By Prop. [1.§] every idea I < Ok
is finitely generated, therefore O is noetherian. Let P < Ok be a prime ideal, then Ok /p is a
domain, which is finite by Prop. [.9 Since finite domain is a field (exercise), then P is maximal. [

1.4 Ideal cancellation
Notation. For a set A and an element 5 we denote
BA={Ba|ac A}.

If Ais an ideal, then A = (8)A, where () denotes the principal ideal generated by £.

Lemma 1.11. (a) Let A < Ok, 5 € K such that A C A. Then § € Ok.
(b) Let A, B < Ok such that A = AB. Then B = Ok.
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Proof. Take (aq,...,a,) a basis for A.
(a) Consider the following system of linear equations for which «a; are non-zero solutions.

ﬁOéi = Zaijaj Qi € 7.

By linear algebra det M = 0, where

5 — ai —ai2 . —Ain
M— —a2 5 — Q22 ... —Aap
B — Ann

The determinant of M is also a monic polynomial in 5 with Z-coefficients 0 = det M = "+ ... and
root in 3, hence 8 € Ok.
(b) Analogously we consider the following system of linear equations

o = Z bijOéj bij € B.

with the matrix

1-— bll —b12 .. _bln
—bgl 1-— bQQ c. —bgn
1-— QAnp

whose determinant is again 0. We can also write
det=0=1+4+0Q
where each term in © contains some b;;, hence © € B and hence also 1 € B —= B = Ok. O

Exercise. Lemma does not hold in general. As an exercise, find examples of rings, for which it
does not hold.

Proposition 1.12. Let A, B < Ok, w € Ok such that (w)A = BA. Then (w) = B.

Proof. Take € B. We have

(WAD (A = gA C A.

Since g lies in K, it then follows by Lemma m part (a) that g € Ok. Hence
n B
w B=<—|peB;COg
w
is an ideal. We now have A = (w™'B)A. By Lemma part (b) w™'B = Ok and hence (w) =
B. ]

1.5 1Ideal classes

Definition. Let A, B < Og. We say that A and B are equivalent and write A ~ B if there exist
a, € Ok \ {0} such that (a«)A = (8)B. Classes of this equivalence are called ideal classes. The
class number of K is defined as the number of ideal classes and denoted by hg.

Remark. hy =1 <— Ok is PID <— O is UFD.
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Proposition 1.13. VK 3M € Z* such thatVa, 8 € Ok, §#0Ft € Z, 1 <t < M Jw, § € O such
that
ta =wf+0, [N <|Np|.

Proof. Let v = % € K. It suffices to show that 3¢, w such that
IN(ty —w)| < 1.

Let (w1, ...,w,) be an integral basis for O.

= Zciwi
[ (S0et) [ < [Tl <
J 7

i %

|Nv| =

< C(max|c|)",
where wl-(j ) denotes the conjugates of w;and
C=1I> 1)
i
Take m € Z, m > /C, M := m™. We now define the integral and fractional part of ~ as follows
RIRS Z'_CZJW’L € Ok
{7} = Z{Cz}%

Now v = |v] + {7} and consider the injective map
p: K —R"
Zciwi = (c1, .., Cn)
e({7}) €10,1)".

We now divide the unit cube [0, 1]" into m"™ = M smaller cubes of side % and consider the points
o({kv}) for 1 <k < M + 1. Then there exist two such points that lie in the same smaller cube, say

by, ky, k< 0,0 <t:=0—k< M. We then have that ty = w + ¢ for w € O, ¢ € K such that all

coordinates of ¢(¢) lie in (==, ). Thus

1 n
|Nel <C(—) < 1.
m

Theorem 1.14. Class number is always finite.

Proof. Let A < Ok, p € A, 5 # 0 such that |[N(5)| is minimal. For « € A3t; 1 <t < M such that
[N(ta —wp)| < [N(B)]-
The minimality of |N(8)| implies that ta = wp € (5). Now

ta| Mla = (B) D (ta) D M!(a).
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Hence M!A C (). Let B := %M!A < Og. We have (M)A = (5)B and thus A ~ B. Furthermore
we have

feA = Mpe(f)B=MA = M!eB, (M! CB.

However since Ok / (M) is finite by Prop. and B corresponds to an ideal in Ok / (M), then we
only have finitely many ideals containing M, hence finitely many, that can be equivalent with A,
which concludes the proof. O

Corollary 1.15. VA < Ox 3k : 1 < k < hg such that A* is principal.

Proof. Consider the set {A*|1 < i < hg + 1}. At least two of the ideals in this set are equivalent.
Let A® ~ A7 where i < j and let a, 3 € O such that (o)A’ = (8)A7. We set k := j —i and B := A*
and show that B is principal. We have

(a)A’ = (B)BA" = (%)Ai —pAicAa ™ %e Ok.

By Prop. |1.12 (%) = B is principal. ]

Corollary (Ideal classes form a group). For A < Ok we denote by [A] its ideal class. We can equip
the ideal classes with group structure as follows:

We define the group operation as
(] - [B] = [AB)

with the unit element [Ok] and the inverse element
A= 45

where k is such that A* is principal (such k exists by Cor. . The resulting group is denoted by
Cly.

1.6 Cancellation and unique factorization

Proposition 1.16. Let A, B, C < Ok, A # 0.
(a) If AB = AC, then B = C.
(b) BD Aiff B|A.

Proof. (a) By we have k such that A* = ().

AFB = AkC
()B = (a)C
B=C
(b)
B'=(B)
BTA C Ok
C = lBlilA < Ok.
B
Then BC = A. O

Theorem 1.17. Each ideal in Ok has a unique factorization into a product of prime ideals.
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Proof. Existence: Let A be a proper ideal and let P; be a maximal ideal (which is prime by [1.10)
containing A. By P, divides A, therefore there exists an ideal A; < Ok such that PLA; = A. If
Ay = Ok, then we are done. Otherwise A; is a proper ideal, so we can iterate this process, obtaining

ACA CAC...

Since Of is noetherian, there exists 7 such that A; = Ok, then A = PP, ... P,.
Uniqueness: Let P, ... P, = Q1...Q;. Thus

P1|Q1...Ql — PlDQl...Ql.

WLOG P, D @4, then P,... P, = (Q2...Q; and by continuing like this, we arrive at the two
factorizations being equal. m

Definition. Let P < Ok be a prime ideal and A < Ok an ideal. We denote by ordp A := vpA the
unique t € Zsq such that P'| A and P! { A.

Remark. Here are some basic properties of ord:
(a) ordp AB = ordp A + ordp B,
(b) A =[] perdr A,

1.7 Ideal group

We have already introduced the notion of ideal class group. In this section we will introduce the
notion of ideal group. The set {I < Ok |1 # {0}} is a commutative semigroup (or monoid).

We can obtain a group by considering formal fractions AB~! (ordered pairs of ideals with equivalence
defined as AB™! = (AC)(BC)~!, which is well-defined thanks to the cancellation property). This
group is denoted by Zx and is called the ideal group of the field K.

We can view the formal fractions as subsets of K by recalling that there always exists a k € N such

that B* is principial (by Cor. [1.15). Let B* = (3) Then we have

ABF1
AB™! = = —ABF! < O.
(B) B
CK

Sets of this form are called fractional ideals. Alternatively they can be defined as finitely generated
Og-submodules in K. As an exercise, you can show that these are equivalent definitions.

For each I < Ok, we have I = IOy and thus I € . Thanks to the cancellation property it follows
that 10" = JO,' < I=J.

Definition. The set {(a)(8)|a, 5 € Ok \ {0}} denoted by Pk is called the group of principal
fractional ideals of the field K.

FExercise. Show, that
IK/’PK = CEK
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1.8 Prime factorizations

We will now focus more on the prime ideals and how they look like in Ok for some given number
field K.

Let P < Ok be a prime ideal. PN Z is and ideal in Z and by Observation [2f we have P N Z # {0}.
Since Z is a PID, then P N7Z = aZ for some a € Z. It can easily be shown that it in fact must be
equal to some pZ, where p is a prime number. This then means that there exists a unique prime
number p such that p € P. We would now like to factor all such (p) = pOk-.

Definition. Let P < O be a prime ideal and p € P a prime number. We define the ramification
index of P as

e i= e(P/p) = ordp(p).
We also define the inertia degree of P as f > 1 such that
#0x/p =p’
and denote it by f or f(£/p).
Lemma. #OK/(p) = p", where n = [K : Q.

Proof. See[L.9 O

Theorem 1.18 (EFG theorem). Let p € Z be a prime number, Py,..., P, < Ok prime ideals
containing p. Let e;, f; be their ramification indices and inertia degrees. Then

g
i=1

Moreover if K/Q is a Galois extension, then ey, ...,e; =:¢€, f1,...,f, = f and efg =n.

Remark. The EFG theorem works for general field extensions L/K as well. However this weaker
version will be sufficient for us.

Definition. Let p € Z be a prime number and P;, ¢;, f;, g as in the EFG theorem. We say, that
(a) p splits completely if g =n, e; = f; = 1 for all i and

(b) pis inertif g=1,e; =1, f; =n and
(p) =P
(¢) p ramifies if there exists an index ¢ such that e; > 2.

Remark. Later on we will prove that there are only finitely many prime numbers that ramify and
they can be characterized.

Proposition 1.19. Let P < Ok be a prime ideal of inertia degree f. Then

#O0k /pk =p" Lk eN.
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Proof. The proof is done by induction.
For k =1 it follows from definition.

Now let & > 1. We will view Ok /pk as a group. Then it has a subgroup Pk_l/pk. By 2nd
isomorphism theorem

(OK/Pk)/(P’“_l/Pk) ~ Ok / pk-1.

By inductive hypothesis, we have
#OK/Pk—l p— p(k_l)f'

Now we will show that
4P pr= .

Because factorization into prime ideals is unique, we have P*~! # P* so we can choose @ € P*~1\ P*,
By we have (a) + P¥| P*. Again by it follows that

(a) + PF =Pl
for some [. We also have
P> (a)+ P = P"'|(a)+ P".
Hence () + P* is either P~ or P*. Since a ¢ P*, then (o) + P* = P*!. Consider now the
surjection
p: O — P pr
¥+ ya + P*
which is also a group homomorphism. Let us now inspect its kernel. We have
y€Kergp <= ya € P* <= ordp(ya) >k
k < ordp(ya) = ordp(y) + ordp(a) = ordp(y) + k — 1
vE€Kerp <= ordp(y) >1 <= € P

Hence Ker ¢ = P. By 1st isomorphism theorem
Ox/p=~P""/pr
which concludes the proof. O

Recall. Recall the Chinese remainder theorem (CRT for short), proof of which can be found in UKA
under Prop. 1.21.

Let R be a unital commutative ring and A;,..., A; < R pairwise comaximal ideals i.e. A;+A; = R

for i # j. Then
Ripy. . Ay=Bja x---xB/g,
Ao Ay = AN N A,
Proof of Thm. part 1. Let (p) = P['...P,°. As an exercise, show that these are pairwise

comaximal. By CRT
OK/(p) ~ OK/Plel X e X (’)K/pgeg.

The size of LHS is
#0x/(p) = p".
By we have
#RHS = [ [/ = p=it.

From the isomorphism it now follows that n = e; f;. O
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Definition. Let K/Q be a Galois extension, A < O an ideal and o € Gal (K/Q). Then we define
oA :={o(a)|a € A} < Ok.

Observation 3. Observe that the following holds
(a) 00 = O = Ok /g4 =00k/54~ 0K/ 4.
(b) For a prime ideal P, oP is also a prime ideal.

Proposition 1.20. Let p € Z be a prime number, P, Q < Ok prime ideals dividing (p). If K/Q is
Galois, then there exists o € Gal (K/Q) such that cP = @) 1.e. the Galois group acts transitively on
{P1,..., P}

Proof. For the purpose of this proof, let us denote G := Gal (K / Q) Assume towards contradiction
that Q ¢ {oP|o € G}. By CRT there exists & € Ok such that

a=0 mod Q
a=1 modoP VoeQgG.

Now we have
N(o)=][Joec@nzZ=(p).
Then necessarily
Pl(p)|(N(a)) = [[(ea) = P|(0)

for some 0. Thus we have oo € P, which is a contradiction with & =1 mod o~ 1P. O

The second part of Thm. follows from Prop. [1.20

1.9 Finding factors

Theorem 1.21. Let K/Q be a field extension such that Ok = Z|a] for some a.. Let f € Z[z] denote
the minimal polynomial for o and p be a prime number. For g € Z|x] we shall denote g € F,[x] and
let

F=T1] i)
i=1
be the factorization into irreducibles over IF,, where g;’s are monic polynomials in Z[z]. Then

r

POk = [ [0, gi(a))”

i=1
1s the distinct prime ideal factorization. Moreover
Ok /(p, gi(a)) = Frlrl/g;

thus
fi=1f= ((p7 gi(@))/p> = deg g;.

Proof. Consider the isomorphism
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Factoring mod p gives us

Bolrl/(F(2)) = O/ (p)

z+ (f(2)) = a+(p).

Now ]Fp[x]/(f) has maximal ideals (g;) := (g; + (f)) for i € {1,...,r}. Now we have

[[@)=0=7

and let us show that no smaller e;’s give 0.

The ideal (g;) corresponds to (gi(e) + (p)) < Ox/(p) and this by the 2nd isomorphism theorem
corresponds to P; := (p, gi(a)) < Ok. These P; are all the prime ideals in Ok such that they contain
(p). If we have

pOK = H queiv
then the e} are characterized by the property
pOK D) H -Pieia

but they do not contain any product with smaller exponents. Under the correspondence, it corre-
sponds to [](g;)%, hence e; = e}, which concludes the proof. O

Ezample. Consider the number field K = Q[v/—5]. Then Ok = Z[y—5] and f = x? + 5 is the
minimal polynomial for —5.
For p = 2 we have

2?+5=(r+1)* mod?2
r=1 gi=x+1€Zx] e =2
20k = (2) = (2,V/=5+1)* = 2 ramifies

For p = 3 we have

?+5=(z+1)(x—1) mod3
30k =(3)=(3, V-5+1)(3, vV—5—1) = 3 splits completely

For p = 11, ? + 5 is irreducible mod 11
110k = (11) = (11, (vV/=5)* +5) = (11) = 11 is inert.

Ezercise. (a) In the example above, characterize all p. (Hint: Try using Legendre symbols)
(b) Characterize all p for general number field Q[v/D].

(c) Use to prove [1.18

1.10 Ramification

Theorem 1.22. Let p be a prime number. Then p ramifies in K if and only if p| Ay.

In order to prove this theorem, we first need to introduce a generalization to the discriminant. We
assume A C B to be rings such that B is a free A-module of rank m i.e.

B~ A™
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as an A-module. Now for an element g € B we can define a map

B— B
x> fx

which can be viewed as a linear map A™ — A™. Then we can define Trp,4 8 as the trace of this
linear map. More concretely for an A-basis ey, ..., e, we have

Bej = Zaijei
TI'B/Aﬁ = Zaii € A.
Now given some (i, ..., [, € B we define

A(Br,-- -, Bm) = det(Trp/a(BiB;)) € A
A(B/A) == (Aey, ..., em)) < A.

Lemma 1.23. Let B D A with a basis eq,...,e, and I < A be an ideal. Then
éi=e+IB ie{l,...,m}
is a basis for B/ B as an A/ [-module and
A&, ...,en) =Aler,...,e,) mod I.

Lemma 1.24.

(IBi/4) =]A(B
Definition. Let R be a ring and a € R. We say that « is nilpotent if o = 0 for some r > 1.
Proof of Thm[1.23 By CRT we have

OK/(p) ~ OK/Plel X - X OK/pgeg.

Observation. Ok / Pfi contains a non-zero nilpotent element iff e; > 2.

Proof of the Observation. If e; = 1, then since P; is prime and maximal ideal, then OK/PZ. is a field
and so does not contain any nilpotent elements.
Now if e; > 2, then a € P, \ P is nilpotent. ]

Now from the observation above it also trivially follows that
OK/Plel X oo X OK/Pgeg

contains a non-zero nilpotent element iff e; > 2 for some i. In other words it is sufficient for one of
the factor rings to contain a nilpotent element.
We have

Ax = MOk /Z)
=A (OK/(p)/IFp> mod p
= HA (OK/Piei/]Fp) mod p.
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If e; = 1, then Ok/p, is a field and (OK/PZ.) /F, is a separable field extension by UKA Cor. 2.18,
hence
A (Ox/p/F,) #0.
If all e; = 1, then
HA (OK/R,%/IFP) Z0 modp = pftAk.

If e; > 2 for some i, then Ok has a nilpotent element 5 # 0. We choose a F,-basis for Ox
(p) P (p)

B=bi,... b

One can check that Tr(8b;) = 0 for all 4, hence
A (OK/(p)/Fp> = det(Tr(b;b;)) = 0 in F,,

hence p| Ak. O



2. Geometry of numbers

2.1 Ideal norm

Definition. For an ideal I < Ok, we define its (numerical) norm as N1 =0 if I = (0) and
NI =#Ok/]

otherwise.

Observation. (a) By Prop. [1.9] the norm NT is always finite and lies in Z*.
(b) From the proof of Prop. it follows that

N(aOk) =|al” a€Z.
(c) T|NI.

Proposition 2.1. (a) Let P < Ok be a prime ideal and p a prime number contained in P, then

(b) Let I =] P/ for P; prime ideals and r; > 1. Then

NI = Hpim,

where p; 1s a prime number contained in P;.
(c) N(IJ)=N()-N(J).
(d) If I D J, then
#l) g =N(I).
Proof. (a) Follows from definition of the inertia degree f.

(b) By CRT we have
Ok /1 ~ OK/p{l X +ee X OK/P;{”.

By Prop.

which concludes part (b).
(c) Factor I, J into prime ideals. Then the rest follows from part (b).
(d) By 2nd isomorphism theorem

O/ 1) /(1) 5) = Ox/1
#O0xk/j=#1]]-#O0k/1

and the rest is left as an exercise.

23
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Proposition 2.2. (a) Given a Galois extension K/Q, prime number p and prime ideal P < Ok
such that P|(p), let
pOK: (Pl...Pg)e.

Then
NPog 2 (PP 2 [ oP
aeGal(K/Q)

(b) For € Ok, we have |[N(8)| = N(BOk).
Proof of part (a). We have
NPOK = pfOK = (pOK)f = (Pl Ce Pg)ef,

which concludes the equality (1).
By Prop. the Galois group G := Gal (K / Q) acts transitively on {P, ..., P,} and therefore the
action has only one orbit of size g. This means that for all ¢ the stabilizer

Gpi:{O'GG‘UPZ‘:Pi}

has the size equal to
#G NI,
— = —"=ef.
#orbit of P, ¢

The rest of the equality (2) is left as an exercise. The proof of part (b) will be provided later. [

Remark. Part (b) implies that the following diagram commutes

2.2 Minkowski bound

Theorem 2.3 (Minkowski bound). Let K/Q be a field extension of degree n and let 2s denote
the number of embeddings K — C, whose image does not lie in R. Then there exists a set of
representatives for the class group Clyx consisting of ideals I < Ok with the property

L[4\ !
NI<Z (—) |Axl3.
nt \mw
Remark. (a) If we let Q(«) = K, then the number 2s is the number of roots of m,,, which lie in C\ R.
(b) The term ;LZ_T'L (%)s is called the Minkowski constant. The whole RHS is called the Minkowski

bound and is often denoted by Bg.
(c) We often denote by r the number of real roots of m,, which then gives the equality n = 2s + r.

Corollary 2.4. There is no unramified field extension K/Q i.e. in each number field K there exists
a prime number p that ramifies in K.

Proof. Since hyx > 1 for any field K, there exists an ideal I < Ok from Thm. such that

L /4\° 1
1§/\/I§n—<—> 1Al
nn

™
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After rearranging we obtain

1. noym\s
Az > o <Z> > 1,
where the last inequality is an analysis exercise. Now |Ag| > 2 and so there exists a prime number
p such that p| A, which ramifies by Thm. [1.22] O

Corollary 2.5. The class number hg is finite.

Proof. Take an ideal I < Ok and factor it into prime ideals
I=]]P" = Bx>NI=][NP)" = 2< NP, <Bk.
Now there are only finitely many candidates for P; for bounded r;, hence hg is finite. O

Finding the class group Clk:

(a) Find S = {I < Ok | NI < Bg}.
(b) For I, J € S test, whether I ~ J mod Pk, where Pk is principal.
(c) Find relations [IJ] = [H] and [[7!] = [J].

For (b) and (c) it suffices to test when I ~ J i.e. whether IJ~! is principal.
There exists H < Ok such that JH = (NJ), then

IH IH
[Jh=0 =
JH ~ (NJ)

It now suffices to see if TH = (NJ)(a) =: (8) for some a € O as then I.J! is principal. We have
N(IH) = N(3) Z|N5].
which leads to a diophantine equation.
Example. Consider the case K := Q(y/=5). Then Ok = Z[\/—5] and consider the ideal
(3) = (3, V=5 -1)(3,vV=5+1).

Does there exist a such that

Na=N(3,v/-5-1)=37

Rewriting Na as a? + 5b? yields a diophantine equation
a® + 5% = 3,

which clearly has no solutions, hence the ideal (3) is not principal in Ok.

Example. For K := Q(i) and an ideal I < O, we can write the Minkowski bound
N(I)<Bg=127...,

hence I = Ok for all ideals. Therefore the class group Clx has only one element, hence Q(7) is a
PID.
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2.3 Lattices

Definition. Let V' be a real vector space of dimension n < co. A lattice A in V is a (additive)
subgroup
A =Ze + -+ Ze,,

where e;’s are linearly independent over R.
A lattice is said to be full if r = n.

Ezample. If we identify Z[i] ~ Z?, then we have Z? C R?, hence Zli] is a lattice.

On the other hand, consider Z[\/Q] = 7 -147Z+/2. Since 1 and v/2 are not linearly independent over
R, then Z[/2] is not a lattice.

Lemma 2.6. Let V be a finite-dimensional real vector space and A <V an additive subgroup. Then
A is a lattice iff it is discrete i.e.

VA€ AJU C V open such that UNA = {\}.

Proof. Proof is left as an exercise. O

Definition. Let A = ) Ze; be a full lattice. We call the set

D:= {Zaiei

the fundamental parallelepiped in A.

Definition. By volume we shall call a measure on V' and denote it by Vol. Let A be a lattice with
the fundamental parallelepiped D. Its covolume is the value Vol D.

Observation 4. (a)

V=||(\+D)

AEA

(b)
YoeVINeEA: v—)eEA.

In other words D is a fundamental domain of the action of shifting by .
(c) From linear algebra, we know

Vol(D) = | det(ey, ..., e,)|

Moreover the volume is preserved under the change of basis, because changing the basis results in
multiplying Vol(D) by the determinant of the transition matrix, which is 1.
(d) Consider full lattices A" C A C V. Then

Vol(D')
Vol(D)

— (A: ),

where (A : A’) is the index of a subgroup.

Proof. (d) There exists a basis e ...,e, for A and numbers my,...,m, € Z* such that me; is a
basis for A’. Then (A : A’) = [[ m;. You can then view the LHS as cutting D’ into my, ..., m, pieces
in the corresponding directions given by e;, which yields the desired equality.
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Why does such a basis exist? Take A =) Ze; and let f; be a basis for A’. The matrix consisting of
the coordinates of f;’s with respect to e; when diagonalized, yields

mi 0

0 My,
O

Remark. Based on part (b) of the observation above, we shall use the terms ”fundamental domain”
and ”fundamental parallelepiped” interchangably in the context of lattices.

Proof of Prop. part (b). By definition we have
N(BOk) = #OK 0O

Let wq,...,w, be an integral basis for Ok, then fws, ..., Bw, is a basis for SOk and

Ok =) Tw  BOx =Y ZBw,
hence we can view SO C Og C R" as lattices. Then Ok corresponds to A in Observation
part (d) and SOk corresponds to A’. In this context, N (8Ok) corresponds to the subgroup index
(A:A). O
2.4 Lattice points in convex bodies

Proposition 2.7. Let A C V be a full lattice with fundamental domain D and let S C V be a
measurable set. If Vol S > Vol D, then there exist o, 5 € S such that

B —aeA.

Proof. For A € A we denote Sy := SN (A+ D). Now we can express the volume of S as follows

Vol § = Z\/ol Sy.

A€A

The volume remains unchanged under shifting action, hence

Vol § =) " Vol(—\ + Sy) > Vol D,
AEA cD

therefore two such sets must intersect. Then there exist o, 8 € S and A\, X' € A such that
Ata=-N+8 = a-F=X-XNeA
]

Theorem 2.8 (Minkowski). Let T C V' be a compact convex subset symmetric around the origin i.e.
a e T iff —a€T. Let A be a full lattice on V' with the fundamental domain D. If VolT > 2" Vol D,
then T N A # {0}.
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Proof. Whenever T' # (), then 0 € T, so it is natural for us to ask whether some non-zero element
lies in T'. It suffices to prove the case with strict inequality i.e.

VolT > 2" Vol D.

1 t
==-T=<—-|teT;.
S 2 {2 }

Now Vol S > Vol D. By Prop. there exist o, 8= 7, g € S such that

We set

0+ (=)

A — =
50—« 5

—~ € T by symmetry and the whole RHS then lies in 7" by convexity. O
Corollary 2.9. Every positive integer is a sum of four squares.

Proof. 1t suffices to prove the statement for prime numbers.
For p =2, we have p=1+1+0+0. Let p > 2 be a prime number.

Observation 5. The following modular equality
m*4+n*+1=0 modp
has a solution in Z.
Proof of Observation [5. Rewriting the equality as follows
m? = —n?— 1,

one can see that there are ’%2 possible values for the RHS and the same number of possible values
for the LHS. By pigeonhole principle, at least two must meet and give a solution. O

Fix a solution (m,n) for the equality from the observation above and consider the set A C Z*
A:={(a,b,c,d)|c =ma+nb,d=mb—na mod p}.
Since Z* is discreet, A is also discreet and moreover it is a subgroup of Z*, hence a lattice. We have
>+ 0+ +d* = (1 +m?+n?) + (1 +m? +n?) + 2mnab — 2mnab = 0,

therefore multiples of p can be expressed as a sum of 4 squares.
Observation 6. (Z*: A) = p* = Vol D, = p*.

Proof of Observation[f. We have Z* D A D (pZ)*, hence A is full. By second isomorphism theorem
4 4
L)\ ~ (Z/pz.) /A/(pZ)4'

From this, we see that (Z* : A) = (F; : A/(pz)1). The quotient A/(p7)4 is a Fy-vector space of
dimension 2, hence the index
#F?) ' 2

(FﬁiA/(pZ)@:W:E:P-
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Let T denote the closed ball of radius 7 at the origin in R* such that r* = (2—¢)p for some sufficiently

small € > 0.

7T27’4

VolT =

1
=2 - 5)2p2§ > 24Vol Dy,
thus by Thm. [2.8] there exists a non-zero (a,b,¢,d) € TNA ie.
A+ +E+d*=0 modyp
a>+ 02+ +d* < r? < 2p,
hence p = a? + b? + ¢ + d>.
Now one checks that the identity
(> +0* + +d*) (A% + B>+ C* + D*) = (aA — bB — cC — dD)? + (aB + bA + cD — dC)?
+ (aC — bD + cA + dB)* + (aD + bC' — ¢B + dA)?

holds for all positive integers, which concludes the proof. O

FExercise. Show that all prime numbers satisfying p = 1 mod 4 can be expressed as a sum of two
squares.

2.5 Minkowski space

Definition. Let K be a number field of degree n with r real embeddings o4,...,0, : K — R and
2s complex embeddings
Opr41, 5-1“+17 ce vy Optg, 5’7«+3 K — (C

We then define the Minkowski embedding as the map
oc: K<—<R xC?

a— (010, ..., Oy st).
We call the real vector space V := R" x C*® of dimension r + 2s = n the Minkowsk: space.

Proposition 2.10. Let I < Ok. Then o(1) is a full lattice in V' of covolume

|A|1/2
I —-.
N 5

Proof. Take an integral basis for the ideal I = Zay + - - - 4+ Za,, such basis exists by Prop. [I.8 The
image o(/) is generated by o(ay),...,0(a,). We need to check whether they are independent over
R to see if they form a lattice.

Let A be a matrix, whose i-th row is of the form
(o104 ... om0, Reopyqay, Imo, gy, ...

Matrix A has a non-zero determinant, hence the generators of () are indeed linearly independent
over R and thus o([/) is a lattice.
Now consider a matrix B with i-th row of the form

(010 ... 0vQt, Opy1t, Orp1Q, ... ).
Matrices A and B are related by some collumn operations.

det A = (—2i)"°det B # 0.
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The determinant of B is non-zero, because B is the matrix M from and since Ag # 0, then

det M # 0. Thus o([) is a full lattice. Since A can be viewed as having oq;’s as its rows, then

Vol D = | det A|. By [L.6(b)

’A<a17' B 704n)| - (OK . I)2|AK’
[det Al = 27%(Opc = 1) Axe|* = 27| Ax| AN,

O
Lemma 2.11. Let x := (z1,...,%p, 2r41, .- -, 2rys) € V. We define a norm on'V as
r r+s
ol =l +2 ) Jail.
i=1 i=r+1

Furthermore we shall denote the measure associated with this norm by Meas and define the closed
ball in V' as the set

X)) ={zxeV]|z| <t}
Then
2" st

nl2s

Meas X (t) =

Ezercise. Check that Lemma holds for (r,s) = (1,0), (0,1).
Proposition 2.12. Let [ < Og. Then there exists a non-zero element o € I such that

Proof. Let D be the fundamental domain for o([). The set X (¢) is symmetric, convex and compact.
Let t be such that we can use Thm. [2.8) by which there exists a non-zero o(a) € o(I) N X (t). Now

2 o AG
INa| = |o1a]...|oval - |oral? . o sa? <
AG r r+s " 1 tn
< Z|0ioz|—|—2 Z ool | - — < —.
nm" n"
1=1 j=r+1

Since we assumed

Vol X (t) > 2" Vol D,
then by and we have

Now choose t such that the expressions above are equal, then we isolate ¢" and plug in as follows

ool 2n
INa| < — == NT-|AY? =B -NT.
nn

nn s

Now we can prove the Minkowski bound from Thm.
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Proof of[2.3. Let [A] € Cl. Consider the class [A™!], which contains some ideal J < Of. By
there exists a non-zero g € J such that

INB| < By - NJ.
Since SOk C J, then J | SOk, thus there exists an ideal H < O such that HJ = fOk. Now
H] = [J7) = [A] = HelA]
Therefore

NJ-NH =N(BOx)Z|NB| < Bx - N'J
NH < Byg.

2.6 Dirichlet’s unit theorem

In this section we will state the Dirichlet’s unit theorem and prove it. The proof will be split into
parts, which we will be proving separately throughout this section.

Definition. We denote by p(K) the torsion subgroup of Ok i.e. the subgroup of all elements of
finite order.

Remark. Fach ¢ € pu(K) is a root of unity and we will often refer to them as such.

Theorem 2.13 (Dirichlet’s unit theorem). Let K be a number field with r real embeddings and 2s
complex embeddings. Then Oy is a finitely generated abelian group of rank r+ s — 1.

Definition. The free generators of O are called the fundamental units i.e.
Of = {Cuf™ . alrt [ ¢ € p(K), mi € 2,

where (,uy, ..., U151 are pairwise distinct. The tuple (uq,...,u,45_1) is called the system of fun-
damental units.

Lemma 2.14. An element o € K lies in O iff « € Og and Na = +£1.

Proof. Let o € Op, then it clearly lies in O so it suffices to check the norm condition. Since « is
invertible, there exists 8 € Oy such that a8 = 1. Then

NaNp =1.
Since both Na and Ng lie in Z, then Na = +£1.
Let o € O with Na = 1.
+1 = Na'= HJ&

g

i1:a~Haa::a-6

oF#id

Since K is a field and 8 = o~ !, then 8 € K. oo are conjugates of o, so they are roots of m,, hence
oa € Og, therefore 3 € Og and 8 € Ok. n

Lemma 2.15. u(K) is finite and cyclic.
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Proof. Since p(K) is a multiplicative subgroup of a field, then its finiteness implies that is it cyclic,
hence it suffices to show that it is finite.

Let (,, € u(K) be an m-th root of unity. Since Q((,) C K, then [Q((,) : Q] divides [K : Q).
However there are only finitely many m with ¢(m) < C' for each bound C', hence p(K) is finite. [

We will now start building up towards the proof of Dirichlet’s unit theorem. We will first show that
O is finitely generated by proving the following proposition.

Proposition 2.16. Let m, M € Z. Then the set of all a« € Og such that
e deg,, =dega <m
e || < M for all conjugates o of «

18 finite.

Proof. a is a root of monic f = 2%+ ag_12%71 + .-+ + ay € Z[x] with deg f < m. By Viéte formula
the coefficients of f are also bounded. Since f is monic, we have

—Qg—1 — E O/.

Now
lag—1] <> || < dM < mM,

but then there are only finitely many possible /. O]

Corollary 2.17. Let o € Og such that each conjugate o/ of a satisfies || < 1. Then « is a root of
unity or zero.

Proof. Let k > 1, then o* € Q(a) and hence of has a bounded degree. Since taking a conjugate

is a homomorphism, we have |a*| < 1. By Prop. the set {1,a,a?...} is finite, which means

a* = af for some k # ¢. Then /=% = 1, hence « is either zero or a root of unity. O

Definition. We define a map

L: K*()=RT(+)
a— (log(oya),. .., log(o,a), 2log(or1), . ..),

which is a group homomorphism called the logarithmic Minkowski embedding.

Now consider taking u € O, so |Nu| = 1. We have

0 =log|oyu| + - - - + log |o,u| + 2log |, 1ul + ...
The image L(u) thus lies in a hyperplane consisting of solutions to
I1+"'+xr+5:0.

We shall denote this hyperplane by H and remark that H ~ R""*~! as real vector spaces (e.g.
consider the map x — (z1,...,Zr15-1))

Proposition 2.18. The image of L : O — H s a lattice in H and the kernel Ker L = u(K) is
finite.
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Proof. Let a € Ker L, thus |o;a| = 1 for all 7. By Cor. « is a root of unity and hence lies in
p(K), which is finite by Lemma m

Consider a bounded subset C' C H containing the origin. C' is contained in a box
{(l’l,. .. ,l‘r+5) S H| |I’Z| S M}

for some bound M. If L(u) € C, then |oju| < €M for all j. By Prop. [2.16| there are only finitely
many u € O such that L(u) € C, hence L(O}) is discreet and thus it is a lattice. O

We now have
Rank O = Rank(L(O%)) < dimH =7+ s — 1,

hence we have an upper-bound for the rank of O%. Now we complete the proof of Dirichlet’s theorem
by showing the precise rank of O in the following theorem.

Theorem 2.19. L(Oj) is a full lattice. Therefore Rank O =r + s — 1.

Proof. Let x := (x1,...,2,45) € R" x C* and we define the norm of an element as
Nr:=xy - Tp XTpi1 Tpyq-..

Now we have
Nk/q(a) = N(oa)

where o is the Minkowski embedding. Furthermore we have
INa| = [ar] - o] a2
Let us now consider € R" x C* such that |[Nz| = 1 and the set
r-0(0g)={x-ocala € Ok},
where 7.7 denotes the euclidian inner product. By Prop. 0(Ok) is a full lattice with covolume
Vol D = 27%|A|Y/?

and x - 0(Of) is also a full lattice with the same covolume.

Consider now T' C R" x C*® as in Thm. Then there exists a non-zero v € Ok such that
x-0y € T. Since T is compact, then all its points have bounded coordinates and thus have bounded
norm. Consider zo(vy) € T, then N|zoy| < M for some M that only depends on the choice of T,
hence Ng/gly| = N|oy| < 2M. Therefore the principal ideal 7Ok has bounded norm. There are
however only finitely many principal ideals satisfying this bound, let us denote them as (1), ... (7).
If zoy € T, then (v) = (v;) for some 4, hence there exists a ¢ € O such that 7,6 = 7. Then
zoe € o(y; )T. Let

T :=oa(y)TU---Ua(y T,

which is compact and bounded. Therefore for all z with |[Nz| = 1 there exists ¢ € OF such that
|z;0:6] < M’ for some M’ that is independent of x.

For r + s — 1 = 0 the theorem holds. Let r +s—1 > 1. For each 1 < i < r 4+ s choose x such that
INz| =1 and |z;| > M’ for all j # i. There exists a unit ; € O such that |oje;| < 1 for all j # ¢
ie. log|ojei| < 0.

Now we shall prove that
L(e),...,L(grys-1)
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are linearly independent vectors in L(Oj) i.e. the matrix with rows of the form
(6151‘7 ce 7€r€i7 2€r+15i: Cey 2€T+5715i)

is invertible, where
liei = log|ojeil.

We know f;e; < 0 for all j # ¢ and
g+ -+ 20,58 = 0.

Then the sum of i-th row is —2/,,s¢; > 0. Proving the following lemma from linear algebra concludes
the proof.

Lemma. Let (a;;) be a real matriz such that
(a) a;; <O for all j #1i
(b) >, aij >0 for alli

Then it is invertible.

]

The proof of Theorem [2.13] is thus also concluded. Let us now provide some remarks about the
system of fundamental units.

How to find the fundamental units

(a) Choose m € N and find many «; € Ok such that N(a;) = £m. Since there are only finitely
many such a;’s, we will have collisions of the form (a;) = (), but then o ' € Of.

(b) Repeat (a) until you have found enough such units, they then generate a subgroup of finite index.
But how do we know when we have enough units? We will introduce the notion of regulator, which
will help us determine that

Regulator

Let t :=r+s—1andeq,...,& be independent units.

Definition. The regulator denoted by Reg(e,...,&;) is the determinant of a matrix with i-th row
of the form

le; = (log |0’18i|7 ..., 2log |0r+15i|7 e )

Moreover we define
Reg K := Reg Oy = | Reg(eq, ..., &)l

where (g1, ...,&;) is the system of fundamental units.

Class number formula
Now how do we find Reg O7? We will use the class number formula

'wK|AK|1/2

h pu—
K or(27)s Reg OF

- I'€Sg=1 CK(S)u

where wy = #u(K) and (i is the Dedekind zeta function. Note that pu(K) is finite by Lemma
and wx > 2 because we always have £1 € pu(K).

The Dedekind zeta function is defined as
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and it is an extension of the Riemann zeta function in the sense that choosing K = Q gives us
Ok = Z and since all ideals I < Z are principal of the form (n) for n € Z with N(n) = n, then we

have
o

1
CQ(S) - E»

neL

which is the Riemann zeta function.
Now since we know how to find hy from the previous chapter, the only thing that remains is Reg OF,
which we can obtain from the class number formula.

S-units

Definition. Let K be a number field and S be a finite set of prime ideals in Ok. Alegebraic S-integers
is a set

Ok(S)={ae K|ordpa>0VP ¢ S}.

Furthermore we define the set of algebraic S-units
Or(S) ={ae K|ordpa=0VP &S}

FExercise. Show, that O (0) = Ok-.
Ezample. Let K = Q and S = {(2),(3),(5)}. Then

OX(S) = {£2"35™ |k, £,m € Z}.

Theorem. Oj is finitely generated group of rank r +s — 1+ #S for all S and a number field K.
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3.1 Cyclotomic fields

From now on let ¢ be a primitive n-th root of 1 and consider the number field K := Q(¢). In this
section we will aim to understand the ring of integers O of such number fields. Some proofs will not
be provided and together with more details can be found in the text (in Czech only) linked bellow.
https://www.karlin.mff.cuni.cz/~kala/files/ T C25.pdf

FEzercise. Show that if ¢ is a primitive n-th root of 1, then {* is a primitive n-th root of 1 iff (a,n) = 1.
Now K = Q(() is a splitting field for m, g and also it is the splitting field for " —1 = [[_, (z — ().

a=1
Moreover K/Q is a Galois extension.

Definition. For n € N we define the n-th cyclotomic polynomial

where (' is a primitive n-th root of 1.

Remark. (a) deg ®,,(z) = ¢(n), where ¢ is Euler’s totient function.

(b) 2™ — 1= Hd‘n O4(x).

From now on let G := Gal (K/Q). Elements of G permute the roots of 2™ — 1. Let o € G, then
o( = ¢ for some a. Since o is invertible, then a is also an invertible element mod n, hence (a,n) =1
and thus elements of G map primitive n-th roots to primitive n-th roots. The coefficients of ®,, are
therefore also preserved by elements of G' and thus

¢, € Q] N Oglz] = &, € Z[x].

For (a,n) = 1 we define a map o, such that 0, = ¢*. For each 0 € G there exists a such that
o= 0,.
However o, is not necessarily well-defined. Consider f, g € Q[x], then

aa(£(Q) £ F(¢).

If we suppose that f({) = ¢g(¢), then for o, to be well-defined it is necessary that f(¢*) = g(¢%).
Let us examine a simpler case. WLOG let f(¢) = 0, then we need that (“ is also a root of f. Since
f(() =0 <= m¢ gl f, then it would suffice that m¢ ¢(¢*) = 0. This is equivalent to @, being the
minimal polynomial, hence irreducible.

Consider now the following injective group homomorphism

i G— (LZ/n)"

Og > a

This map is surjective (and thus an isomorphism) if and only if ®,, is irreducible.
We can summarize our findings so far into the following proposition.

36
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Proposition. TFAE
(a): G— (Z/n)X is an isomorphism.
(b) [K : Q] = ¢(n)

(c) G acts transitively on primitive n-th roots of 1.
(d) ®,, is irreducible in Z[z].

Proof. Left as an exercise. Try proving equivalences involving (a). O]

Theorem 3.1. Let ¢ be a primitive n-th root of 1 and K = Q((). Then

(a) [K : Q] = 6(n)

(b) Ok = Z[(] i.e. 1,¢,..., 7M1 is integral basis.

(c) if a prime number p ramifies in K, then p|n. More precisely if n = p"m with pt m then

pOx = ( Py,..., P, )?@").
N—_——

pairwise distinct

Proof. For proof see Milne’s Algebraic Number Theory available at:
http://www.jmilne.org/math/CourseNotes/ant.html O

Proposition 3.2. Let n = p” for p a prime number and let ( be a primitive n-th root of unity. If
we denote K = Q((), then

(a) [K:Q]=o(p") =p'(p—1).
(b) Ox = Z[(]
(¢) m=1—C( is a prime element in Ok i.e. (p) = (7)¢, where e = ¢(p"). By the EFG theorem

this means
OK/(W) ~ Z/(p)-
(d) Ay = +p°, where c=p"Y(pr —r —1).

Proof. Since ¢ is a root of ™ — 1, then ¢ € Ok and Z[(] C Ok. It remains to prove the other
direction.

Observation. Let ¢’ be some other n-th root of unity, then Z[(] = Z[('] and Q(¢) = Q({') = K.

We have (* = (' for some (s,n) = 1.

11:2/:1+C+CQ+...+<S_1€Z[C]
1-C no_
therefore 1-
¢ SZT ok

Let us now prove part (a). We have
degme = [ : Q] < deg , = ¢(n).

Recall that we can write

2" —1 =[] Palx),

d|n

hence
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If we denote ¢ := 2?, we can rewrite
o, (x) = q)pr(x) =14t pt

o) =p=[J0-¢)=]] 11:3(1 - ).
g

Since 11%4; lies in O, then we obtain

p=Ppr(l) =u-(1-C),

for some u € Q. Denoting 7 := (1 — () then yields us the equality (7)¢ = (p). By the EFG theorem
(1.18) we then have
e<[K:Q]<¢(n)=e,

hence the proof of part (a) is concluded. Also since () is a prime ideal in O, then 7 is a prime
element (exercise), which concludes part (c).

Thanks to the EFG theorem we now also have the following isomorphism

Ok /() = Z/ (p)-

Consider the map

Z)(p) = Ox/(x)
a+ (p) — a—+ (m)

which is an injection between fields. Since the inertia degree is equal to 1, this map is also an
isomorphism, which yields
O =7+ 70gk (32)

If we now show that
A (Z[C]/Z> = A(L¢ .., (" Y = A (OK/7) - (Ok : Z[C)* = p"

for some k, then we will have Ax = p* and (O : Z[(]) = p™ ie. pPM Ok C Z|(].

We have
A(1,¢ ¢ = Nigyal(®,(€)).

Using (3.1) we obtain

ncn—l

@, (¢) = o1

Furthermore we have

To determine N(¢P~ — 1), we use the following lemma.

Lemma. N(1— (") =+p” forall0 <s<r.

Proof. If s = 0, then N(1 — () is plus or minus the constant term of ®,(1 — x), which is ®,,(1) = p.
The rest of the proof of this lemma as well as the rest of part (d) is left as an exercise. ]
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What remains to be proven is part (b), so we aim to prove O = Z[(]. From (3.2) we have

Ok =Z[(] + 7TOK

7Ok = wZ[¢] +
Ox = 7Z[¢] + nZ[ ] + 20k
Ox = Z[¢] + 120k

and hence

Ok = Z[¢] + 7' Ok
for all j. Thus we can rewrite it as

Ok = Z[¢] + p" Ok

for all m. However for m = M we have p Ok C Z[¢] and therefore Ok = Z[(], which concludes the
proof. O]

3.2 Regular primes and units

Definition. Let p be an odd prime number and let h, denote the class number of Q((,). We say
that p is regular if p 1 hy,.

Remark. 1t is not known whether there are infinitely many regular primes. However it is known that
there are infinitely many irregular primes.

Theorem. TFAE:

(a) p is a regular prime.

(b) p does not divide the denominator of By for all k = 2,4, ...,p—3, where By, is the k-th Bernoulli
number. Those are numbers that satisfy the following:

n=0

Definition. Let ¢ be a primitive n-th root of unity. We define

Q)T =Q(¢C+¢T,

which is the largest totally real subfield in Q(¢) i.e. all conjugates of the generator are real or
equivalently all embeddings of Q({)™ are real.

Lemma 3.3. Let K = Q(¢) and n = p". Then for all u € Oy there exists p € p(Q(C)) and
v E (’)6(0+ such that
u=fi-0.

Proof. Proof is left as an exercise. n

3.3 FLT

Theorem 3.4. Let p be an odd reqular prime number. Then there are no x,y, z € Z satisfying

P +yP = 2P and ptxyz.
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Proof. Assume towards contradiction that there is a solution and that (x,y, z) = 1 (they are coprime).
For p = 3 we have
a>=0,+1 mod9

for all a, which leads to a contradiction. Similarily for p = 5. We assume then that p > 7 and WLOG
assume p { x — y (exercise).

Consider a polynomial in variable T’

p—1
7+ 1=][(T+¢).
i=0
Now for T = g we obtain
p—1
TR | (TRR
i=0

Let us now view the terms (z + ('y) in Z[(] = Og(c).-

Lemma 3.5. x + 'y € Z[(] generate pairwise coprime ideals.

Proof of Lemma([3.5. We will prove this lemma by contradiction by assuming that there exists a
prime ideal P such that

Pl(z+(y), Pl(z+y)
for some 7 # j. Then we have
PI((¢"=¢)y).
Observe now that (¢* — ¢’) = (7) = (1 — ¢) and hence

Pl (my) and P|(7x).

Now since z and y are coprime in Z, then they are coprime in Z[(], therefore P | (7). However since
(7) is a prime ideal, then P = (7). Now we have

T=1-¢ = 1= mod 7
—s+y=a+Cy=0 mod 7
—zx+yeZn(m)=(p)

— =P+ yP=2x+y=0 mod 7
which is a contradiction. O]

Observation 7. (a) Va € Z[C] : o € Z + pZ[(].
(b) Let « = ap+ a1+ -+ + ch_lé”p*1 where a; € Z and let at least one a; = 0. Let n € Z be such
that n | a, then n|a; for all i.

Proof of the Observation is left as an exercise.

Consider the following as an equality of ideals in Z[(]

p—1

(z) = ][+ ).

1=0

Ideals (z + C'y) are pairwise coprime (Lemma , so their prime factorizations must be disjoint.
Moreover each factor must be a p-th power, hence we denote (z + ('y) =: A?. Since A? is principal,
then the order of A; in the class group divides p, therefore it is either 1 or p. By Lagrange’s theorem,
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the order of A; also divides h, and since p is a regular prime, we are left with the order of A; being

1, which means that A; is a principal ideal.
Let A; =: (o) for all i and consider for example «;:

a:=a; =2+ (y =ua?
for some u € (’)6((). By Lemma E we have
U=p-v

where p = (" for some r. Therefore
T+ Gy =0 o,

with v = ¥, because v € Q(¢)* (by Lemma [3.3). Now by the Observation [7] part (a) we have
a? =b mod pZ[(]
for some b € Z. From this we have

x4+ Cy=v¢" b mod pZ[(]

4+ Cy=vC" b

= vb=(""(z+(Y)
=z +(y)

which is a contradiction with the Observation [7| part (b).
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