1 Dedekind domains

Definition 1.1. Let A be a ring. We say that A is a discrete valuation ring (DVR) if A is
a principal ideal domain with a unique non-zero prime ideal my C A.

If Aisa DVR, then kx = A/my is a field, its residue field. If 7 € m4 is a generator,
we call 7 a uniformizer. If 7’ is another uniformizer then 7’ = um for some u € A*.

If Ais a DVR with Frac A = K, then any element z = a/b € K* admits a unique
expression as ¢ = 7"u, with n € Z and u € A*. We call v(z) = n the valuation of the
element x. The function v : K* — Z satisfies the following conditions:

1. v: K* — Z is a surjective homomorphism.
2. If z,y € K* and x +y € K* then we have v(z + y) > min(v(z),v(y)).

If K is any field and v : K* — 7Z is a function satisfying these conditions, then v is called
a valuation. We can then define A = {z € K | v(z) > 0}; then A is a DVR with non-zero
prime ideal my = {z € K | v(z) > 0}.

Lemma 1.2. Let K be a field. Then this process defines a bijection between the set of
subrings A C K which are discrete valuation rings and the set of valuations v : K* — 7.

Definition 1.3. A ring A is called a local ring if it has a unique mazimal ideal.
Note that a DVR is a local ring.

Lemma 1.4 (Nakayama’s lemma). Let A be a local ring with mazimal ideal m, and let M
be a finitely generated A-module.

1. If mM = M, then M = 0.
2. If N C M is a submodule such that N — M /mM is surjective, then N = M.

Proof. We observe that A — m = A*. For the first part, suppose that M is generated by

elements my, ..., m,, and that n > 1 is minimal with respect to this property. We can write
m, = aymy + -+ + a,m, with a; € m, hence (1 — a,)m, = aymi + ... a,_1Mmy_1. Since
1 — a, is a unit, we conclude that A is generated by mg,...,m,_1, a contradiction to the

minimality of n.
For the second part, the hypothesis implies M = N +mM. We apply the first part
to the quotient M /N to conclude M/N = 0, hence M = N. O

Proposition 1.5. Let A be a Noetherian domain. Then the following are equivalent:
1. Ais a DVR.

2. A is integrally closed and has exactly one non-zero prime ideal.



We recall that to say that A is integrally closed is to say that for any element vy €
K = Frac A satisfying a relation v" + a;y" ' + -+ +a, with a1,...,a, € A (and n > 1), we
have v € A.

If v € K, then ~ satisfies such a relation if and only if A[y] is a finitely generated
A-module. Indeed, if v satisfies a relation of this type then 1,7,...,7""! generates A[y] as A-
module. Conversely, suppose that A[y] is finitely generated. Using that A is Noetherian, we
see that the sequence A, A+ Ay, A+ Ay+ Ay?, ... of A-submodules of A[y] must eventually
be stationary. If v € A+ Ay + --- + Ay"~ ! then v a zero of a monic polynomial with
coefficients in A.

Proof. If A is a DVR, then A is integrally closed: if an element a = un" satisfies a relation
a"+aa" ' +---+a, = 0, then after multiplying through by «=", we can assume a = 7" If
r <0 then we get 1 = a1~ + -+ + a,7 ™. The left-hand side lies in my4, a contradiction.
It clearly has a unique non-zero prime ideal.

Suppose conversely that A is a Noetherian domain which is integrally closed, and has
exactly one non-zero prime ideal p. Note that if a C A is a proper non-zero ideal, then we
can find n > 1 such that p” C a C p. Indeed, if not then we can find a proper ideal a C A
maximal with respect to the property that it contains no p™. Then a # p, so we can find
a,b € A such that ab € a but a € a and b ¢ a. The inclusions a C a+ (a) and a C a + (b)
are then proper, so we can find m > 1 such that p C a + (a) and p™ C a + (b), hence
p?™ C (a+ (a))(a+ (b)) C a, a contradiction.

Let us therefore choose a non-zero element y € p, and n > 1 such that p" C (y) C p.
We can choose n > 1 minimal with respect to this property. We are going to show that p
is principal. If n = 1, then we’re done. Otherwise n > 2, and we have p"~! ¢ (y), and we
can choose x € p" ! — (y). Let 2 = x/y € K. We have zp C p" C (y), hence zp C A is
an ideal. If zp C p, then Alz] injects into End4(p), a finitely generated A-module (since A
is Noetherian). Using that A is integrally closed, we obtain z € A, hence z = yz € (y), a
contradiction. Thus zp = A, and p = 2714 and p is principal.

Let m = z~1. We claim that every element a € A admits a unique expression a = ur"
with u € A*, which will show that A is a PID. The uniqueness is clear. To show existence,
it is enough to show that q = N,>1(7"A) = 0 (as then A = U,>o(7"A — 7" A)). However,
we have mq = ¢, hence ¢ = 0 (by Nakayama’s lemma). This completes the proof. O

We are going to study rings which are ‘locally DVRs’. We first need to define local-
1zation.

Definition 1.6. Let A be a ring. A multiplicative subset S C A is by definition a subset
containing 1 and which is closed under multiplication.

We define S™'A to be the set of equivalence classes of pairs (a,s) with a € A, s €
S, with respect to the equivalence relation (a,s) ~ (b,t) if there exists u € S such that
u(at — bs) = 0. We represent the equivalence class of (a,s) using the symbol a/s.

Lemma 1.7. 1. This is an equivalence relation, and S™'A becomes a ring with the oper-

ations a/s + b/t = (at + sb)/(st) and a/s - b/t = (ab)/(st).



2. The map A — S7'A, a + a/1 is a ring homomorphism with kernel {a € A | 3s €
S,sa = 0}.

3. If A is an integral domain, then Frac A = (A —{0})"'A. If further S C A — {0}, then
S™1A may be naturally identified with a subring of Frac A.

Proof. The symmetry and reflexivity of the relation is clear. To show transitivity, suppose
given (a,s), (a’,s") and (a”,s”), together with u,u’ € S such that u(as’ — da’s) = 0 and
u'(a's" —a"s") = 0. We then have uu's'as” = u's"ua’s = usu'a”s’, showing that a/s = a” /s"
in S71A. The ring axioms are easily verified.

It is clear that the map A — S™'A is a ring homomorphism. We have a/1 = 0/1 if
and only if there exists s € S such that as = 0, as in the statement of the lemma.

If A is an integral domain, then a/s = a'/s’ if and only if as’ = a’s (because A has
no zero divisors). This shows that (A — {0})™*A = Frac A, by definition, and that the map

S71A — Frac A, a/s + a/s, is a well-defined injection. O

A common choice of S is S = {1, f, f2,...}; then we write S™'A = A[1/f]. Another
common choice is S = A — p, where p is a prime ideal of A. In fact, a proper ideal I C A is
prime if and only if A — I is a multiplicative subset, as follows from the definitions.

Definition 1.8. Let A be a ring with multiplicative subset S, and let M be an A-module.
We define the localized module S~ M to be the set of equivalence classes of pairs (m, s) with
m € M and s € S. Two pairs (m,s) and (m’,s") are said to be equivalent if there exists
u € S such that u(s'm — sm') = 0. The equivalence class of the pair (m,s) is denoted using
the symbol m/s.

Again, one shows that S™'M is an S~'A-module, with multiplication a/s - m/t =
(am)/(st). Localization is a functor: if M, N are A-modules and f : M — N is a
homomorphism of A-modules, then there is a natural map S™'f : M — N given by
S~1f(m/s) = f(m)/s. Similarly, if there is a ring homomorphism g : A — B, then S™'B is
naturally a ring and the map S~'g: S7'4 — S~!B is a ring homomorphism. An important
feature of localization is its exactness:

Lemma 1.9. Let M' '~ M —%~ M" be an evact sequence of A-modules (i.e. kerg =
-1 -1

im f). Then the sequence S 2L 510 SL g1 s exact.

Proof. Since localization is functorial, we have S™'g o S71f = S7!(gf) = 0. This shows

that im S~ f C ker S~'g. For the other inclusion, suppose S~'g(m/s) = g(m)/s = 0. Then

there exists u € S such that ug(m) = g(um) = 0, hence m’ € M’ such that f(m') = um,
hence S~ f(m//us) = um/us = m/s. O

This shows, for example, that if a C A is an ideal, then S~'a can be naturally
identified with an ideal of S™'A (which is the ideal aS~'A generated by a).

Lemma 1.10. Let A be a ring, and let f : A — S™'A be the natural map. The maps
p—p-STA q— flp) define inclusion-preserving bijections between the set of prime
ideals of A which do not intersect S and the set of prime ideals of S™LA.
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Proof. We first check that p-S~'A is indeed a prime ideal. The map A — A/p gives a map
S71A — S71(A/p), and the latter is non-zero since A/p is non-zero and no element is killed
by an element of S. An element a/s is in the kernel if and only if there exists u € S such
that ua = 0 in A/p, if and only if @ € p. Thus p - S~ A is the kernel of this map, and is a
prime ideal of S71A.

We now show that these maps are mutually inverse. If p C S7!'A is a prime ideal,
then ff~'(p) C p, hence f~'(p)- S7'A C p. On the other hand, if a/s € p then a/1 € p,
hence a € f~'(p) and a/s € f~'(p)- S~'A. This shows one direction. In the other direction,
suppose that q C A is a prime ideal disjoint from S. Then q C f~'(q-S7'A). On the other
hand, if a € A and a/1 € q- S7'A, then a/1 = qb/s for some ¢ € q, b € A, s € S, and hence
there exists u € S such that u(as — ¢b) = 0, hence uas = gbu € q. Since q is prime and
disjoint from S, we conclude a € q, showing that f~1(q-S™1A) C g, as required. O

This shows that if p C A is a prime ideal and S = A — p, then S~'A has a unique
maximal ideal, namely S~'p, and is therefore a local ring. We will write 4, = (A —p)~'A
for this localization; its residue field is naturally identified with Frac(A/p).

Proposition 1.11. Let A be a Noetherian domain with field of fractions K. Then the
following are equivalent:

1. For all non-zero prime ideals p C A, A, is a discrete valuation ring.
2. A is integrally closed and every non-zero prime ideal p C A is a mazimal ideal.
A ring A satisfying these equivalent conditions is called a Dedekind domain.

Proof. We may suppose that A has non-zero prime ideals (equivalently, that A is not a field),
as both conditions hold vacuously otherwise.

First suppose that A satisfies the first condition. If q C p are prime ideals of A, then
let S = A —p. We have S71q C S~!p, hence either ¢ = 0 or q = p. This shows that if p # 0
then p is maximal. If x € K is integral over A, then it lies in A, for every non-zero prime
p C A, hence we can write x = a,/s,, where a, € A and s, € A —p depend on p. The ideal
a generated by all s, is the unit ideal, because it is contained in no non-zero prime ideal of
A; hence we can write 1 = Zp sptp, where only finitely many ¢, are non-zero. We then have
x =) wspty, = ) apt, € A, showing that A is integrally closed in K.

Now suppose instead that A satisfies the second condition. If p C A is a non-zero
prime ideal, then the ring A, is a local ring with a unique non-zero prime ideal, and we must
show (by the previous proposition) that it is integrally closed. If v € Frac A, = K satisfies
an equation Y +ay/s1 -y '+ +a,/s, =0, where ay,...,a, € Aand sq,...,8, € A—p,
then the element (s ... s,) is integral over A (by clearing denominators), so lies in A. Then
v =(vs1...5,)/(51...5,) lies in A, as required. O

Definition 1.12. Let A be an integral domain, and let K = Frac A. A fractional ideal of A
1s by definition a finitely generated A-submodule of K.

Lemma 1.13. Let A be a Noetherian integral domain with field of fractions K and let
S C A—{0} be a multiplicative subset. Let a,b C K be fractional ideals. Then:

4



1. (S'a)(S~'b) = S~'(ab) and S~'a+ S'b = S~(a + b).

2. Define (a:b) = {x € K | zb C a}, and suppose that b is non-zero. Then (a : b) is a
fractional ideal of A and S™'(a:b) = (S7'a: S7'b).

Proof. Suppose that b = (by,...,b,), where the b; are non-zero. Then (a : b) = N b; 'a,
which shows that (a : b) is finitely generated (as A is Noetherian), hence a fractional ideal
of A. The other assertions follow from the fact that localization commutes with finite sums
and intersections of submodules. O

Proposition 1.14. Let A be a Dedekind domain. Then the set Div A of non-zero fractional
ideals of A forms a group under multiplication.

Proof. Multiplication of fractional ideals gives an associative composition law in Div A, with
identity (1) = A. It remains to show the existence of inverses. We claim that for any non-
zero fractional ideal a C A, we have a- (A : a) = A. Since (A : a) is a fractional ideal, this
will be enough. If A is a DVR then we have a = 7" A for some n € Z, and (A : a) = 7 "A4;
so this is clear.

In general, we have for any non-zero prime p C A,

(a(A:a))y = ap(A:a), = A,

by the lemma. It therefore suffices to show that for any fractional ideal b C K, if b, = A,
for all non-zero prime ideals p of A, then b = A. Let us show the more general statement
that if b, ¢ are fractional ideals such that b, C ¢, for all p, then b C «¢.

Let b € b. For all non-zero prime ideals p C A, we can find an expression b = ¢, /s,
with ¢, € ¢ and s, € A —p. The ideal (s,) is the unit ideal, since it can be contained in no
maximal ideal of A; we can therefore find non-zero prime ideals pq,...,p, and a; € A such
that 1 =" | a;sp,. Multiplying through, we obtain

n
b= g a;bsy, = g a;cy, € ¢,
i=1

i=1
as desired. O

Lemma 1.15. Let A be a Dedekind domain. Then for each non-zero ideal a C A, there are
only finitely many non-zero prime ideals p C A such that a C p.

Proof. We can assume that a = (z) is principal. The set of ideals b of A containing x
satisfies the descending chain condition. Indeed, if by D by D --- D (z) then the chain
b;' € by C --- C 27! A is eventually stationary, since A is Noetherian. This implies the
same for the original chain.

Suppose therefore that there are infinitely many distinct primes pi,po, ... containing
x. The sequence p1,p; NPo, ... is eventually stationary; suppose that it becomes stationary
at step k. Then we have

Per1 OP1i NP =P Pr D P1- . Piee
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We can find for each i = 1,...,k an element x; € p; — px11. Then the element ;... 24 €
P1...pgr must lie in pgiy. Since the ideal pyy; is prime, this forces some z; to lie in pyyq, a
contradiction. ]

If A is a Dedekind domain, then for each non-zero prime p C A, we have the valuation
v, + K — Z which is associated to the DVR A,. If a C K is a non-zero fractional ideal, then
we have a, = aA, for some a € K*, and we define vy(a) = v,(a). This defines a surjective
homomorphism v, : DivA — Z (as vy(p) = 1).

Proposition 1.16. Let A be a Dedekind domain, and let a C K be a non-zero fractional
1deal.

1. We have vy(a) = 0 for all but finitely many p.
2. The map ®yv, : DivA — @,Z is an isomorphism.
3. We have a = Hp p¥ @ where the product has only finitely many terms.

Proof. We recall that if a,b C K are fractional ideals, then a C b if and only if a, C b, for
all p. If p # q are non-zero prime ideals of A, then p; = A,;. It follows that if a C A is a
non-zero ideal, then a C p if and only if a, C p,, if and only if v,(a) > 0. By the previous
lemma, this can be true for only finitely many primes p. If a C K is a non-zero fractional
ideal, then we can find x € A — {0} such that za C A is an ideal. Then v,(x) = 0 for all but
finitely many p, and v,(za) = 0 for all but finitely many p. Since vy(za) = vy(x) 4 vy(a) for
all non-zero prime ideals of A, this shows that v,(a) = 0 for all but finitely many p.

The two fractional ideals a and Hp p*(@ have the same localizations, so are the
same. [l

Corollary 1.17. Let A be a Dedekind domain. Then every non-zero ideal a C A admits a
unique expression a = [, pi*, where the p; are pairwise distinct prime ideals of A. This
expression is uniquely determined up to re-ordering of terms.

2 Complete discrete valuation rings

Definition 2.1. Suppose given for each i = 1,2,... a group A; and a homomorphism f; :
A1 — A;. The inverse limit is by definition

1&1./4@ = {(CLZ) S HAZ ‘ \4) Z 1,f¢(ai+1) = ai}.

It is a group (in fact a subgroup of [[;=, Ai). If the A; are all abelian groups (resp. rings)
and the f; are homomorphisms of abelian groups (resp. rings) then it is naturally an abelian
group (resp. ring).

Definition 2.2. Let A be a discrete valuation ring. We say that A is complete if the natural
map A — @A/mf& is an isomorphism.



We note that the kernel of the map A — 1'&nA/mf41 is N;mYy = 0 (e.g. by Nakayama’s
lemma). The terminology is justified by the following lemma.

Lemma 2.3. Let A be a discrete valuation ring with fraction field K and valuation v : K* —
Z. Then the following are equivalent:

1. A is complete.

2. A is complete as a metric space with respect to the metric d(x,y) defined by d(z,y) =
27v@=v) if v £y and d(x,y) = 0 otherwise.

3. K is a complete metric space with respect to the metric d(x,y) given by the same
formula.

Proof. Let m € A be a uniformizer. Suppose first that A is complete, and let (z;)32, be a
Cauchy sequence in A. This is equivalent to the following condition: for all M > 0, there
exists N(M) > 0 such that z; = z; mod (7™) for all i,j > N % M). In particular, we
can define an element (a;);>1 € I&HA/(WZ) by the formula a; = zy(;). Since A is complete,

there exists a unique a € A such that a = a; mod (7*) for each ¢ > 1. Consequently,
a = xy mod (%) for all N > N(i), hence d(a,zy) < 27 for all N > N(i). It follows that
T; — aas i — 00.

Now suppose that A is complete as a metric space. We will show that A is a complete
DVR. Let (a;)i>1 € lim A/(7"), and choose elements z; € A such that a; = z; mod (7).

Then for any j > i, we have z; = x; mod (7") (by definition of the inverse limit), hence
d(zj,2;) < 27" Thus (z;);>1 is a Cauchy sequence, which admits a limit a« € A. We claim
that the map A — 1£1A/(7rl) sends a to (a;);>1. It is enough to show that a = x; mod (")

for each 7 > 1. Since x; — a, there exists N (i) such that for each j > N(i), z; = a mod (7).
Choosing j > max(N (i), ), we have x; = x; = a mod ("), the first congruence by definition
of the inverse limit, the second by definition of N (). This shows that A is complete.

Now suppose that K is a complete metric space. A is a closed subspace, since it is
given by the formula A = {z € K | d(0,z) < 1}. Therefore A is a complete metric space.

Now suppose that A is complete as a metric space. Note that for any ¢ € Z and
z,y € K, we have d(r'x, w'y) = 27%d(x,y). If (z;);>1 is a Cauchy sequence in K, then there
exists N such that for all 4, j < N, d(x;,z;) <1, hence x; — z; € A. Choosing M such that
My, € Aforalli=1,...,N, we find that #z; € A for all i > 1. Therefore (7Mx;);> is a
Cauchy sequence in A, so tends to a limit 7™™x; — x in A. Then z; — 7™z, and so K is
complete. O

When we speak on the topology of a complete DVR (or its field of fractions), we
always mean the topology induced by this metric.

Proposition 2.4. Let A be a DVR with uniformizer m, and define A= T&nA/m’A. Then;



1. Aisa complete DVR with uniformizer .
2. For each i > 0, the natural map A/m’y — 121\/1‘11"ﬁ is an isomorphism.

3. Let X C A be a set of representatives for the residue field ka containing 0. Then every
element x € A admits a unique T-adic expansion (a convergent infinite sum)

00

%

xr = E a;m
=0

with a; € X for each i > 0, and conversely every such expansion defines an element of

A.

Proof. We observe that the map A/7m — w'A/m*"'A given by multiplication by 7 is an
isomorphism. It follows that each element of the ring A/ 7+ admits a unique expression of
the form Z;:o a;m with a; € X. The map A/7x""! — A/n" corresponds to throwing away
the term a;7*. Since an element of A is a compatible system of elements of the quotients
A/m**, we see that the elements of A are in bijection with the expressions » % a;77 with

a; € X. Since we have not yet proved that Ais a DVR (and in particular, have not yet
endowed A with a metric), this expression must be interpreted as follows: it corresponds to
the tuple (Z;;t a;m)i>1 € @A/(ﬂz).

By definition, we have for each ¢ > 0 a surjection A A/m'A. An element x =
> y a;m lies in the kernel if and only if all of its digits ag,...,a;—; are 0. In this case, we
have x = 7' 37 a7/, showing that the kernel of this map is 7 A, and hence we have an
isomorphism A/7'A = A/m"A.

The natural map A — A is injective. Every element z = Z;io a;m with ag # 0 is a
unit. Indeed, we write x = ag(1 — my) where y = — > ag'aj1m € A. The element aq is

a unit in A, hence in E, and (1 — 7y) has inverse given by
L+ay+ (my)* + (my)* + ...

This shows that every non-zero element of A has a unique expression as un” with u € Ax
and n > 0, and hence that A is a DVR. We have

A= @A/ﬂlfl = 1&111/7#2

by the second part of the proposition, showing that Ais complete. Finally, we observe that
if z € A corresponds to the expression Z;io a;m, then in fact this infinite sum converges in

A and its limit equals z. O

We refer to the ring A as the completion of A; the proof of the proposition shows
that if A is complete, then A = A.



Definition 2.5. Let p be a prime. The ring of p-adic integers Z, is by definition the com-
pletion of Z,. The field of p-adic numbers Q, is its fraction field.

Thus Z, is a complete DVR with residue field Z,/(p) = Z/pZ = F,. Every element
of Z, admits a unique expression

a0+a1p—|—a2p2+...

with a; € {0,...,p — 1}. Multiplication and addition is done in the same way as for formal
power series, except we now need to ‘carry’ digits.

The following lemma could be said to play the role of the intermediate value theorem
in the p-adic setting. It is one example of a family of results which are referred to by the
name ‘Hensel’s lemma’.

Lemma 2.6. Let A be a complete DVR with valuation v, and let f(X) € A[X] be a monic
polynomial. Suppose there exists x € A such that v(f(z)) > 2v(f'(z)). Then there exists a
unique o € A such that f(a) =0 and v(a — ) > v(f'(z)).

Proof. We use Newton’s approximation. Let a; = x, and define a sequence inductively by
the formula
f(an)

n

Let t = v(f(a1)/f'(a1)?) > 0. We will show by induction on n > 1 that the following
conditions are satisfied:

1. v(a,) > 0.
2. v(f'(an)) = v(f'(a1)).
3. v(f(an)) = 20(f'(a1)) + 27 't.

These conditions hold for n = 1, by hypothesis. We now treat the induction step. Suppose
the given conditions hold for a4, ..., a,. We will show they hold for a,, ;. We have v(a,4+1) >
0 if and only if f(a,)/f'(a,) € A. We have

v(f(an)) = v(f'(an)) = v(f'(an)) + 2"t = v(f'(a1)) + 2"t > 0,

so the first condition holds. For the second, it is enough (by induction) to show that
v(f'(ans1)) = v(f'(a,)). The element f'(an1) — f'(a,) is divisible by a,.1 — a,, so it is
enough to show that v(a,+1 — a,) > v(f'(an)), or equivalently that

v(f(an)/f(an)) > v(f'(an)),

or even that
v(f(an)) > 20(f'(ar)).
Since t > 0 this is implied by the third condition (at step n).



Finally we show the third condition. Writing f(X) = 3", ¢; X", we note that we have

JX+Y) =) ai(X +Y) =) ai(X'+iX7Y + gi(X,Y))

)

for some polynomial ¢;(X,Y) € Z[X,Y] depending only on i; this is a consequence of the
binomial theorem. Therefore we can write

FX+Y) = f(X) + (XY +9(X, Y)Y?

for some polynomial ¢(X,Y’) € A[X,Y] (which now depends on f(X)). Setting X = a,,
Y = —f(an)/f'(a,), we obtain an expression

flant1) = g(an, _f(an)/f,<an))(f(an)/f,(an))27

hence
v(f(an+1)) = 20(f(an)) — 2v(f'(an))-
By induction, this gives

v(f(ans1)) = 2(v(f'(an))) + 2",

as desired. In particular, f(a,) — oo as n — oo. Using the formula for a, 1, we see that
this implies that (a,),>1 is a Cauchy sequence, so there exists a limit a € A. We must have
f(a) =0.

This shows the existence of a root. We must show that v(a — ) > v(f'(z)). Using
the definition of a,, we see that it is enough to show that v(f(a,)/f'(an)) > v(f'(an)) for all
n > 1. We have already seen this above.

We now establish uniqueness. If b € A is another root of f and v(b— x) > v(f'(x)),
then we can write b = a + h with v(h) > v(f'(z)). Using again the partial Taylor expansion
for f, we find

0= f(b) = fla+h) = f(a) + hf'(a) + hgla, h) = hf'(a) + Kg(a, h).

If h # 0, we can cancel to obtain f’(a) = —hg(a, h), hence v(f'(a)) > v(h) > v(f'(z)). This
is a contradiction, showing that h = 0 and a = b, as desired. O

Corollary 2.7. Let A be a complete DVR with valuation v, and let f(X) € A[X] be a monic
polynomial. Let f(X) € ka[X] be the reduction of f(X) modulo my. Suppose there erists
x € ka such that f(z) = 0 and f/(:r) # 0. Then there exists a unique y € A such that
f(y) =0 and y = x mod m4.

Ezample 2.8. We can use this to understand which elements of @, are squares. Any non-zero
element has a unique expression p"u with u € Z, so it is equivalent to understand which
elements of Z; are squares. A necessary condition is that v mod p € ;' is a square, so let
us suppose this condition holds.

We apply Hensel’s lemma to the polynomial f(X) = X# — u. Let v be an element of
Z, such that v? = wu mod p. If p is odd, then f’(v) = 2v is a p-adic unit, so Hensel’s lemma
shows that there is a unique w € Z; such that w? = u.

2
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If p is even, then a necessary condition is that w mod 8 € (Z/8Z)* is a square, i.e.
that v = 1 mod 8. This being the case, we have f(1) = 0 mod 8 and f’(1) = 2, hence
v(f(1)) > 3 and v(f'(1)) = 1. Hensel’s lemma shows in this case that there is a unique
w € 7 such that w* = u.

Example 2.9. The group homomorphism Z; — [F) is surjective. We can use Hensel’s
lemma to construct a section to this map, i.e. a homomorphism 7 : F — Z; such that
7(a) mod p = a. Indeed, let f(X) = X? — X. Then f'(X) = —1 modp, so the simple
version of Hensel’s lemma shows that for each a € F,, there is a unique b = 7(a) € Z,
such that o» = b and b = a mod p. The uniqueness implies that 7(aa’) = 7(a)7(a’), hence
7 is a group homomorphism. The map a — 7(a) is called the Teichmiiller lift, and exists
for any complete DVR with finite residue field. (If the residue field has ¢ elements, use the
polynomial X7 — X.)

We observe that the existence of 7 implies that Q) contains all of the (p — 1)™ roots
of unity. Here is a particular consequence.

Lemma 2.10. Let q be a prime diwviding (p — 1). Then Q, has ezactly ¢ + 1 isomorphism
classes of Galois extensions of degree q.

Proof. By Kummer theory, such extensions correspond to subgroups of Q/(Q,)? of order
q. We have an isomorphism
Zx (14 pZy) x F = Q)
(n,u,a) — p"ur(a),
hence an isomorphism
QX /(Q))! = Z/qZ x B [ (F ).
Indeed, we have .
1+ pZ, = imker((Z/p'Z)* — (Z/pZ)"),

showing that if n € N and (n,p) = 1 then the map = — 2" is bijective on 1 + pZ, (it is an
inverse limit of abelian groups of p-power order).

The group F /(Fx)? is cyclic of order g, so the lemma follows on noting that (Z/qZ)*
has exactly ¢ + 1 subgroups of order gq. O

If p is odd then p — 1 is even, so we have:

Corollary 2.11. Ifp is an odd prime, then Q, has exactly 3 isomorphism classes of quadratic
extensions.

3 Extensions of Dedekind domains

Let A be a Dedekind domain with field of fractions K, and let F/K be a finite separable
extension. An element v € E is said to be integral over A if it satisfies an equation of the
form

V't ay T 4 4 a, =0

with a,...,a, € A.

11



Lemma 3.1. The following are equivalent:
1. ~ is integral over A.
2. Aly] is a finitely generated A-submodule of E.

3. There exists a non-zero Aly]-submodule M C E which is finitely generated as an A-
module.

Proof. 1 implies 2 because 1,7,...,7""! generate A[y]. 2 trivially implies 3. To show 3
implies 1, let M be an A[y]-submodule of E which is finitely generated as an A-module.
Then Enda(M) is a finitely generated A-module which contains the elements 1,7,72,....
Since A is Noetherian v must satisfy a monic relation with coefficients in A. m

Let B be the integral closure of A in E, i.e. the set of elements b € E satisfying an
equation of the form
V' 4+ ab" P+ +a,=0

with a,...,a, € A.
Lemma 3.2. B is a ring, which is integrally closed in E.

Proof. We first show that B is a ring. This means showing that if b, € B, then b+ V' and
bb' are integral over A. However, A[b,b'] is a finitely generated A-module which is stable
under multiplication by b 4 b and bb'.

We next show B is integrally closed in E. Let v € E be integral over B. Thus 7y
satisfies a relation 4" +b;y" 1 +b, = 0 with by, ..., b, € B. It follows that A[by, ba, ..., b, 7]
is a finitely generated A-module, hence that ~ is integral over A, hence v € B. O

A useful observation is that the formation of B commutes with localization. More
precisely, let S C A — {0} be a multiplicative subset. Then S~'A is a Dedekind domain
with field of fractions K, and the integral closure of S7'A equals S™!B. In particular,
(A —{0})71' B equals the integral closure of (A — {0})™'A = K, namely E. This shows that
B always spans F as a K-vector space.

Lemma 3.3. Let E/K be a finite separable extension of fields. Then the symmetric K-
bilinear form T : E x E — K given by the formula T(x,y) = trg/x(xy) is non-degenerate.

Proof. We must show that for any non-zero x € F, there exists y € £ such that trg/x(zy) #
0. It is enough to show that trg/x # 0 as a homomorphism E — K. If L/K denotes the

Galois closure of E, then there are exactly n distinct K-embeddings o4,...,0, : E — L;
and we have trg/g(x) = o1(x) + --- 4+ o,(x). The lemma therefore follows from the fact
that the embeddings oy,...,0, are linearly independent over L (even as homomorphisms
E* — L*). O

Proposition 3.4. B is a finitely generated A-module. It is a Dedekind domain.
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Proof. Let eq,...,e, be a K-basis for E. After multiplying through by elements of A, we
can suppose that each e; € B. Let us note that if z € B, then trg/x 2 is integral over A
and lies in K, hence lies in A. Indeed, let L/K denote the Galois closure of E/K, and let
o1,...,0, : E— L be the distinct K-embeddings. Then trg/k(2) = 01(2) + - -+ + 0,(2) lies
in K (it is a trace) and is integral over A (it is a sum of elements of the integral closure of
Ain L). Since A is integrally closed in K, we find trg/k(2) € A.

Let f1,..., fn € E be the dual K-basis with respect to the non-degenerate symmetric
bilinear form T', so that T'(e;, f;) = d;;. We claim that B C > | Af;. Since A is Noetherian,
this will show that B satisfies the ascending chain condition for A-submodules, hence for
B-submodules, hence that B is a Noetherian ring. To see this, let b € B be a general
element, and write b = > a; f; with a; € K. Then for any j = 1,...,n we have T'(b,e;) =
trE/K(bej) = Gy € A.

Let ¢ C B be a non-zero prime ideal. To complete the proof, we must show that g
is a maximal ideal; equivalently, that B/q is a field. Let p = ¢ A. Then p C A is prime.
It is also non-zero: if b € q is a non-zero element, then we can find an equation of minimal
degree with a; € A:

b+ ab"t+ -+ a, =0.

Then a,, € qN A =p and a, # 0, by minimality.

There is an injective homomorphism A/p — B/q, A/p is a field, B/q is a domain,
and B/q is finite-dimensional as A/p-vector space. This implies that B/q is in fact a field.
Indeed, let @ € B/q be non-zero, and consider the map m, : B/q — B/q given by the
formula m,(8) = af. This is an A/p-linear map, and it is injective because B/q is a
domain. Since an injective endomorphism of a finite-dimensional vector space is surjective,
we see that there exists § € B/q such that a5 = 1, hence « is a unit and B/q is a field. [J

Part of the above proof motivates the following definition:

Definition 3.5. If ¢ C B is a non-zero prime ideal and p = qN A, then we say that q lies
above .

Lemma 3.6. Let ¢ C B, p C A be non-zero prime ideals. Then the following are equivalent:
1. q lies above p.
2. q appears in the prime factorization of pB C B (in other notation, vq(pB) > 0).

Proof. If q lies above p then pB C q, hence qB; C qB,, hence v4(pB) > 0. Conversely, if
vq(pB) > 0 then pB,; C qBy, hence (using B, N B = q) p C q, hence N A = p and q lies
above p. O]

Henceforth, if q is a non-zero prime ideal in a Dedekind domain, then we write k, for
its residue field.

Definition 3.7. Suppose that @ C B is a non-zero prime ideal, and let p = qNA. Then there
is a natural embedding of fields ky — kq. We define the ramification index eq/y, = vq(pB) and
the residue degree fq, = [B/q: A/p].
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Proposition 3.8. Let p C A be a non-zero prime ideal, and let n = [E : K|. Then we have
n= Zq‘p €q/pfasp, the sum running over all primes of B lying over p.

Proof. Let S = (A —p). After replacing A by S™'A and B by S™' B, we can assume that A
is a DVR. (Note that S~' B is the integral closure of S7'A, and if ¢ NS = ) then replacing
q by S71q does not change ¢ or f.) Then B is a torsion-free finitely generated A-module, so
is free of some finite rank. We have (A — {0})™'B = E, so this rank is dimg F = n.

To prove the proposition, we will calculate this rank in another way. Reducing mod-
ulo p, we also have n = dimyu,, B/qB. By the Chinese remainder theorem, there is an
isomorphism

B/pB=]]B/qw,
alp
so we get n =3, dima, B/q%/>. There is a filtration B D q D g> D --- D q%/», and each

q'/q"™ is a B/g-vector space of dimension 1, hence an A/p-vector space of dimension f/,.
We obtain

dima/p B/q/® = eq/p fop,
which completes the proof. n

It is useful to introduce the following language.

Definition 3.9. Let p be a non-zero prime ideal of A. We say that p is unramified in B (or
E) if for each prime ideal q of B lying above p, the extension kq/ky is separable and fq/, = 1.

We say that p splits completely in B (or E) if for each prime ideal q of B lying
above p, we have eqy = fqp = 1. (Thus the number of such primes q is [E : K|, by the
proposition).

We now compute an example. If E is a number field, then we will write Op for the
integral closure of Z in E; this is traditionally called the ring of integers of E. The most
elementary family of number fields is given by the quadratic extensions E/Q; each of these
may be represented uniquely in the form F = @(\/E), where d € 7Z is a squarefree integer
such that d # 0, 1.

Let us first compute Og. We claim that Op = Z[/d] if d = 2,3 mod 4, and O =
Z[(1 ++/d)/2] if d = 1 mod 4. The elements v/d and (1 4+ v/d)/2 satisfy the equations
X%2—d=0and X?— X +(1—d)/4 =0, respectively, showing that they are integral over Z.
Therefore what we need to show is that O can not be any larger than the claimed rings.

Let a € Op: then we can write a = a + bv/d for some a,b € Q. We observe that
Gal(E/Q) acts on Og. Indeed, if v € F satisfies an equation v + a;y"™' + - -+ + a,, with
a; € Z, and 0 € Gal(E/Q), then o(7) satisfies the same equation. In particular, o/ = a—bv/d
also lies in O, hence a + o/ = 2a and aa/ = a? — db? liein O N Q = Z.

We can therefore write a = u/2 with v € Z. Then u? —4db* is an integer. Considering
p-adic valuations for every prime p shows that 2b must also be an integer, so we can write
b=v/2 with v € Z. Then u? — dv? must be in 4Z, hence u? = dv? mod (4).

The only squares modulo 4 are 0,1. If d = 2,3 mod 4 then we see that u,v must
both be even, hence a,b are both integers and « lies in Z[v/d]. If d = 1 mod 4 then we see
that u, v must have the same parity, and therefore that « lies in Z[(1 4 v/d)/2].
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This completes the computation of Or. We now show how to factorize pOp when p
is a prime number. We first consider the case where p is odd. In this case it is enough to
factorize pOg[1/2] (localization at the multiplicative subset {1,2,2% ...}). This ring equals
Z[1/2,+/d), independent of the value of d modulo 4.

We compute Z[1/2,Vd]/(p) = Z[1/2,X]/(p, X* — d) = F,[X]/(X? — d). There are
3 possibilities: if d is a quadratic residue modulo p then X? — d splits into linear factors,
showing that Og/(p) is a product of fields and p splits completely in E. If d is a quadratic
non-residue modulo p then X2 —d is irreducible, showing that Og/(p) is a quadratic extension
of IF,, and hence that p is unramified in O and does not split. Finally if p divides E then
Og/(p) = F,[X]/(X?) has non-trivial nilpotent elements, which implies that p must ramify
in OE

We now treat the case p = 2. If d = 2,3 mod 4 then we find Og/(2) = Z[Vd]/(2) =
Fy/(X?—d) = Fy/((X — d)?), which shows that 2 ramifies in E. If d = 1 mod 4 then we see
that Op/(2) = Fo[X]/(X? — X + (1 — d)/4), showing that 2 splits if (1 —d)/4 is even and is
unramified and does not split if (1 — d)/4 is odd.

We now return to our general discussion of the integral closure of A in an extension
E/K, and suppose moreover that E/K is Galois. The same argument as in the quadratic
case shows that G = Gal(E/K) acts on B.

Proposition 3.10. Suppose that the extension E/K is Galois, and let p C A be a non-zero
prime ideal. Then:

1. The group G acts transitively on the set of primes of B lying above p.
2. Let q be a prime lying over p, and let o € G. Then fyq)/p = fa/p and €5(q)/p = €q/p-

3. For any prime q of B lying over p, we have [E : K| = eq/p fq/pGq/p, Where gqp is the
number of distinct primes of B lying over p.

Proof. We first explain why G acts on the set of prime ideals of B lying above p. If 0 € G
then the restriction of ¢ to B is a ring automorphism of B that acts as the identity on A.
Therefore if ¢ C B is a non-zero prime ideal, then o(q) C B is also a non-zero prime ideal,
and we have o(q) N A =qnN A.

To show that the action is transitive, we can first localize to replace A by A, and
assume that A is a DVR. Let q, g’ be distinct primes of B lying above p, and let m € B be a
generator of q. Then Ng g (m) = [[,cq0o(m) €qNA=p Cq'. Since ¢’ is prime there exists
o € G such that o(m) € ¢', hence o(q) C ¢, hence o(q) = ¢, as desired.

This shows the first part of the proposition. The second follows from the definitions.
The third follows from the previous proposition. O

If the extension E/K is Galois and q is a non-zero prime of B lying above the prime
p of A, then we define D,/, = Stabg(q), and call it the decomposition group at the prime .

Proposition 3.11. Suppose that the extension E/K is Galois, and let q be a prime of B
lying above the prime p of A such that the corresponding extension kq/k, of residue fields is
separable. Then it is Galois, and the induced map Dqyy — Gal(kq/ky) is surjective.
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Proof. Let T € ky, and let z € B be any element with Z = 2 mod q. Let f(X) = [[,co(X —
o(z)) € A[X]. Let f(X) = f(X) mod p € k,[X]. By construction, the polynomial f(X) has
7 as a root and splits into linear factors in k4[X]. Since Z was arbitrary, this shows that &,
is normal, hence Galois over k.

To show that the map Dy, — Gal(kq/ky) is surjective, let T € kg be a primitive
element; this exists since the extension k,/k, is separable. We can assume that 7 is not 0
(since otherwise k; = k, and the proposition is trivial). By the Chinese remainder theorem,
we can choose an element x € B lifting T such that x € ¢ if ¢ # q is any other prime
of B lying over the prime p. Form the polynomial f(X) as before; we now have f(X) =
X4 [lsep,,, (X — o ()) for some d > 0.

If 7 € Gal(ky/ky), then 7(T) is a non-zero root of f(X), hence there exists o € Dy,
such that ¢(ZT) = 7(Z). Since T is a primitive element, this shows that the image of ¢ in
Gal(kq/ky) equals 7, as desired. O

Definition 3.12. In the situation of the proposition, we call 15, = ker(Dgq/, — Gal(kq/ky))
the inertia group at the prime q.

Observe that we have #1,,, = eq/p; in particular, the inertia group is trivial if and
only if the prime q is unramified over p.

The above formalism is particularly pleasant when E/K is an extension of number
fields. Indeed, if p C Of is a non-zero prime ideal, then O /p is a finite field. Every extension
of finite fields is separable, so if £/K is Galois we always have a surjective homomorphism
Dy)p — Gal(kq/ky). Moreover, Gal(k,/k,) is cyclic, with a canonical generator given by the
Frobenius automorphism z +— z!/®/. When p is unramified in E, we therefore have a well-
defined element Fy/, € Gal(£/K), called the Frobenius automorphism at q: it is the unique
element of Dy, which induces the Frobenius automorphism on the residue field extension
kq/kp.

This allows us to prove an important computational result from the Part IT Galois
Theory course. Let f(X) = X"+ X' + -+ a, € Z[X] be an irreducible polynomial,
and suppose that E/Q is the splitting field of f(X); let vy, ..., @, € E be the roots of f(X).
Then we can identify Gal(E/Q) with a subgroup of the symmetric group on n letters (via
its action by permutations of aq, ..., a,).

The result states that if p is a prime such that f(X) = f(X) mod p factors as
F(X) =I5, f:(X), where f,(X),..., f,(X) are distinct irreducible polynomials in F,[X],
then Gal(E/Q) contains an element in S, of cycle type (deg f,) ... (deg f}).

This is the Frobenius element F;/,! Indeed, let q be a prime ideal of OF lying above
p, and let @y,..., @, € k; be the images of the roots of f(X) under reduction modulo q.
Since ?(X ) has no repeated factors, it has no repeated roots, and @y, . . ., @, are the distinct
roots of f(X) in k. In particular, the map Dy, — Gal(kq/k,) is injective, so p is unramified
in .

The irreducible factors of f(X) in k,[X] correspond to orbits for Gal(ky/k,) on
ay,...,a,. This says precisely that the cycle type of Fj/,, as a permutation of ay, ..., ap,

equals (deg f,)...(deg f}).
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The above discussion shows how one can understand the decomposition group in the
unramified situation. In general, the right tool is passage to completion. This is explained
in the following proposition.

Proposition 3.13. Let A be a Dedekind domain with field of fractions K, let E/K be a
finite separable extension, let B be the integral closure of A in E, and let q be a non-zero
prime ideal of B lying above the prime p of A. Then:

1. There 1s a canonical embedding of DVRs ﬁp — éq extending the embedding A — B.

2. Let By, K, denote the fields of fractions of §q and A\p, respectively. Then Eq/K, is a

finite separable extension, equal to the compositum K,-E, and Eq 15 the integral closure
of K, in L.

3. We have e g 15 = €qps [oB, i, = Japs and [Eq 0 Ky] = eqp fopp-

4. Suppose further that the extension E/K is Galois. Then Ey/K, is Galois and the
natural map Dy, — Gal(E,y/K,) given by passage to completion is an isomorphism.

Proof. We first note that we have ﬁp = l'&nA /p?, and similarly for B\q. Indeed, it suffices to

note that the natural map A/p* — A,/ pfj is an isomorphism for any i > 1. Also, we are free
to replace A by its localization A,. We can therefore assume that A is a DVR, and hence
that B is a finite free A-module.

We have natural maps A/p? — B/q’ for each i > 1, and passage to the inverse limit
gives a map Ep — Eq. It is injective because the map A — B is injective. If we write
q=4qi,...,q, for the distinct primes of B above p, then there is an isomorphism (by the
Chinese Remainder Theorem)

lim B/p'B = [ Bs.
i i=1
Since B is a finite free A-module, lim B /p‘B is a finite free A\p—module. We conclude that

the quotient § is a finite free ﬁp—module. In particular, Eq is integral over /Alp, hence is the
integral closure of A in Fy.

The map B /pB — Bq / pB is surjective (for example by c0n81der1ng m-adic expan-
sions), so Nakayama’s lemma shows that B generates B as an A -module. Passing to
fraction fields, we see that E spans F, as a K,-vector space. In partlcular E, is equal to
the compositum of its subfields £ and Kp. ThiS shows E,/K, is separable (it is obtained by
adjoining the roots of a separable polynomial) and Galois if E/K is.

So far we have proved the first two parts of the proposition. For the third, we observe
that Ap /p = A/p, and similarly for B In other words, completion does not change residue
fields, so in particular the residue degree f is unchanged. On the other hand we have
pB = [l qlq’/pB =q q/PBq, since qZB is the unit ideal if ¢ > 1. This shows the third
part.
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Finally, we suppose that £//K is Galois and prove the fourth part. If o € D;,, then
o(q) = q, hence o(q’) = q' for any i > 1. It follows that o extends, by passage to inverse limit,
to an automorphism of éq which fixes ﬁp. We obtain a homomorphism Dy, — Gal(E,/K,).
It is injective because £/ C Ejg. It is surjective because the source and target have the same
cardinality (namely eq/, fq/p)- O

Corollary 3.14. Let A be a Dedekind domain with field of fractions K, let E/K be a finite
separable extension, let B be the integral closure of A in E, and let p be a non-zero prime
ideal of A. Let « € E be such that E = K(«), and let f(X) € K[X] denote the minimal
polynomial of ac. Then the following two sets are in canonical bijection:

1. The prime ideals of B lying above the prime ideal p
2. The irreducible factors of f(X) in K,[X].

The correspondence is given as follows: a prime ideal @ C B lying above p corresponds to
the unique irreducible factor g(X) of f(X) in K,[X] such that g(o) = 0 in Ej.

Proof. Let L/K be the Galois closure of E/K, and let G = Gal(L/K), H = Gal(L/E).
Let C' denote the integral closure of A in L, and let t be a fixed prime ideal of C' above p.
We first note that there is an isomorphism of G-sets (i.e. sets with left G-action) between
G/H and the set of roots of f(X) in L, hence an isomorphism of D, = Gal(L./K,)-sets
between GG/H and the set of roots of f(X) in L. It follows that the irreducible factors of
f(X) in K,[X] are in bijection with the set of orbits of D./, on G/H. This set of orbits
is identified with the double quotient D.,,\G/H, and element o € G corresponding to the
unique irreducible factor g(X) of f(X) in K,[X]| such that g(o(a)) =0 in L,.

On the other hand, there is an isomorphism of G-sets between G'/D,/, and the set of
prime ideals of C' lying above p, because G acts transitively with stabilizer D,/,. The set
of prime ideals of B lying above p is in bijection with the set of H-orbits, because H acts
transitively on the set of prime ideals of C' above a given prime ideal of B. We conclude that
the set of prime ideals of B lying above p is in bijection with the double quotient H\G/D,y,
an element ¢ € G determining the prime ideal o(t) N B.

These two double quotients are in bijection via the map D,,0 H — Ho ' D,,. This
bijection can be written explicitly as follows: if g(X) is an irreducible factor of f(X) in
K,[X], we choose 0 € G such that g(c(a)) = 0 in L,. Then we take the prime ideal
o~ '(r)N B of B.

To complete the proof, we must show that this bijection coincides with the one given in
the statement of the corollary. Equivalently, we must show that if o € G, then g(o(a)) =0
in L, if and only if g(o) = 0 in E,-1(ynp. To see this, we note that o~' determines an
isomorphism L. — L,-1(y of extensions of K. This implies that g(c(«)) = 0 in L, if and
only if 07! (g(o(a)) = g(e) = 0 in L,—1(y). Since L,-1(;) contains E,—1(np as a subfield (in
fact, the subfield K,(«)), this completes the proof. ]

As a simple example, consider E = Q(i), K = Q. We have seen that 20p = (1 +1)?;
thus X2 + 1 is irreducible in Q2[X]. On the other hand, 50g = (2 +1)(2 — i), where (2 +1),
(2 — 1) are distinct prime ideals of Op. Tt follows that X? 4+ 1 must factorize in Q5[X].
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We now describe this factorization. By Hensel’s lemma, there is a unique element
0 € Zs such §> = —1 and § = 2 mod (5). Then X? 4+ 1 = (X + 0)(X — ) in Q5[X]. Which
factor corresponds to which prime ideal of Og? The ideal (2 4 i) corresponds to the factor
g(X) such that g(i) = 0 in E(4,). Since i = —2 mod (2 + @), we see that the corresponding
irreducible factor is X + #. Similarly, the ideal (2 — i) corresponds to the factor (X — 0).

For another example, we consider the field £ = @(\3/5), K = Q, and factorise 5Qg.
The polynomial X? — 2 is irreducible in Q[X]. Since 3* = 2 mod (5), Hensel’s lemma shows
that there is a unique # € Zs such that 8% = 2, and also that there are no other roots of
X3 — 2 in Zs (since there are none in Fs).

We conclude that X3 — 2 factors as (X —60)g(X) in Q5[X], where g(X) is irreducible,
and hence that there are exactly two distinct prime ideals qi, g2 of Op lying above 5Qp. If
gy corresponds to (X — 6) then Ey, = Qs, while E,, is a quadratic extension of Qs.

4 Extensions of complete DVRs

We have shown that understanding the decomposition of prime ideals, and their decomposi-
tion groups, in an extension of Dedekind domains is equivalent to understanding the Galois
theory of extensions of complete fields. Accordingly, we now focus on this case.

Definition 4.1. We call a complete discrete valuation field (CDVF) a pair (K, vg) consisting
of a field K and a valuation vk : K* — Z such that the corresponding DVR Ax = {x €
K> |vg(X) >0} U {0} is complete.

We usually say that K is a CDVF, and leave v implicit. We write Ax for its discrete
valuation ring, mx € Ak for a choice of uniformizer, and kx = A /(7 ) for the residue field.

Lemma 4.2. Let K be a CDVF, and let E/K be a finite separable extension. Then E has
a natural structure of CDV'F'.

Proof. Let B denote the integral closure of Ax in E. It is a Dedekind domain; we first show
that B has a unique non-zero prime ideal (as then it is a DVR, which defines the valuation
on E). Let a € E be a primitive element, and let f(X) € K[X] be its minimal polynomial.
By Corollary the non-zero prime ideals of B correspond to factors of f(X) in K[X] (as
Ak is already complete); so there is a unique such.

We next show that B is complete. Let p C A, g C B be the non-zero prime ideals,

so pB = q%/»B. The ring B is finite free as an A-module, so there is an isomorphism
B @B/piB = @B/qieq/PB. In other words, B is complete. O

In particular, it makes sense to define ep/x = €4/, and fg/xk = fy/p,- Note that by
definition, we have vg|xx = ep/k VK.

Definition 4.3. Let E, K be CDVFs. We call an extension E/K an extension of CDVFs
if it is finite and separable and vg is the valuation associated to vk by Lemma[4.3
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We say that an extension £/K of CDVFs is unramified if eg i =1, fp/x = [E : K],
and the extension kg/kg is separable. We say that it is totally ramified if ep/x = [E : K]

and fE/K =1.

Corollary 4.4. Suppose that E/K is a Galois extension of CDVFs. Then for any v € E
and o € Gal(E/K), we have vg(o(x)) = vg(x).

Proof. This is true since any o € Gal(E/K) determines an automorphism of Ag which acts
as the identity on the subring Ax C Ag. O

Corollary 4.5. Let E/K be an extension of CDVFs. For any x € E*, we have vg(x) =
ﬁvK(NE/K(x»-

Proof. Let L/K be the Galois closure of L. Then for any x € E* we have Ny /k(x) =
HaeGal(L/K) o(x) = NE/K(x)[L:E] and hence

vk (Ng/k(x)) = ez/lK[L : Bl o (N ke (2)) = ez/lK[L : E)7UL s Kug(x)

= eZ/IKeL/E[L cE)7UL : Kug(x) = eE}K[E : Klvg(x).
Using the formula eg/x fr/x = [E : K| gives the desired result. O
Working in a complete DVR is very pleasant. We now give several examples of this.

Definition 4.6. Let A be a DVR and let v : K* — 7Z be the corresponding valuation.
If f(X) = X4+ a; X4 + -+ ag € K[X] is a polynomial with ag # 0, then we define
the Newton polygon of f to be the graph of the largest continuous piecewise linear function
N :]0,d] — R satisfying the following conditions:

e N(0) =0 and N(d) = v(aq).
o Forallj=1,....d, N(j) <wv(aj) if a; #0.

e The graph of N is convex (i.e. the sequence of slopes of line segments of Nk (f) is
increasing).

In other words, the Newton polygon is the lower convex hull of the set of points

(7, v(a;))-

Proposition 4.7. Suppose that f(X) factors as f(X) = Hle(X—ai) with o; € K. Suppose
that the Newton polygon of f(X) has slopes 1 < vo < -+ < 7y, counted with multiplicity.
Then after re-ordering we have v; = v(«;) for each i.

Proof. Let \; = v(ay;); we can assume after re-ordering that A\ < Ay < -+ < \;. Define the
A-polygon to be the graph of the continuous piecewise linear function L : [0,d] — R with
L(0) =0and L'(z) = \; for x € (i —1,7). Then L(d) =X\ + -+ Ag =v(ay ... aq) = v(ay),
so the Newton polygon and the A-polygon have the same endpoints. We must show that
they are in fact the same.
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We first show that the Newton polygon lies above the A-polygon. For this, it suffices
to show that for all j = 1,...,d, we have v(a;) > A\ + --- + A;. But we can write a; =
+> ... @;,, and each term in the sum has valuation A;; + -+ Aj; 2 Ay + -+ ;. We
therefore have v(a;) > A + -+ - + A;, by the ultrametric property.

We now show that the two polygons are in fact equal. We will use the following
general fact: if z1,...,2, € K and v(z;) < v(z;) for all j > 1, then v(z +-- -+ x,) = v(xy).
Suppose that \y = -+ = A\, < Ajyp1 =+ = A, < .... We can write

akj :al...akj+ E Oéil...Oéikj.

The terms in the sum all involve «, for some r > k;, hence have valuation strictly greater
than Ay + -+ Ag;. We conclude that v(ax;) = v(ai...ox;) = A+ 4 Ay,

This implies that the two polygons must in fact coincide. Indeed, we have shown that
the Newton polygon lies above the A-polygon, and that the Newton polygon shares a vertex
with each of the vertices of the A-polygon. This completes the proof. O

Corollary 4.8. Let A be a complete DVR with Frac(A) = K, and let f(X) = X%+a; X1+
--+ag € K[X] be a separable polynomial with ay # 0. Suppose that the slopes of the Newton
polygon of f(X) are A\ < --- < A\, each appearing with width wy, ..., wg. Then there is a
unique factorization f(X) =[]l 9:(X) in K[X] such that deg g;(X) = w; and the Newton
polygon of g;(X) has a single segment of slope A;.

Proof. Let L/K denote the splitting field of f(X). Then L/K is Galois (this is where we
use the hypothesis that f(X) is separable — we could alternatively assume that K is perfect,
allowing the possibility that f(X) has repeated roots). In particular, L/K is an extension
of CDVFs. Let ai,...,a, be the roots of f(X) in L. We know that the numbers \; are
exactly the ez/lKvL(ozj), with the width w; being the number of j with vy (a;) = er/xA;. We
therefore define g;(X) = [[(X — «;), the product being over the roots with v (a;) = er/xA;.

We clearly have f(X) = Hle 9:(X) in L[X]. We claim that each ¢;(X) in fact lies
in K[X]. The group Gal(L/K) permutes the a; leaving the values vy (o) invariant, so fixes
the coefficients of each g;(X), so we have g;(X) € K[X] by Galois theory. The uniqueness
of the given factorization is clear. m

Ezample 4.9. The polynomial X3 4+ X? — 2X + 8 has 3 distinct roots in Q,, because its
Newton polygon has 3 distinct slopes.

Definition 4.10. Let A be a discrete valuation ring with field of fractions K, and let vy :
K* — Z be the associated valuation. Let f(X) = X" + o X" '+ - +a, € A[X] be a
polynomial with a, # 0. We say that f(X) is Eisenstein if a1, ..., a,_1 lie in the mazimal
ideal of A and vi(a,) = 1.

Equivalently, a monic polynomial f(X) € A[X] of degree n and with f(0) # 0 is
Eisenstein if Nk (f) consists of a single line segment of slope 1/n.

Proposition 4.11. Let K be a CDVF.
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1. Let f(X) = X"+ a; X" ' + .-+ +a, € Ag[X] be a separable polynomial which is
Fisenstein. Then f(X) is irreducible and the extension E = K[X]/(f(X)) is totally
ramified, and X mod f(X) € Ag is a uniformizer.

2. Suppose conversely that E/K is a totally ramified extension of CDVFs, and let mp €
be a uniformizer with minimal polynomial f(X) = X"+ X" ' + - +a, € Ax[X].
Thenn = [E : K], E = K(rg), and f(X) is Eisenstein.

Proof. Let L denote the splitting field of f(X), and let 7 € L be a root, £ = K(m). Then
Ng(f) is the dilation (in the y-direction) of Nk (f) by a factor of eg k. Hence it is a single
line segment of slope eg/x/n. Since f(X) has a root in E, this slope must be an integer, so
eg/k > n. On the other hand we have eg/x < [E : K] < n. Therefore equality holds, f(X)
is irreducible, and E/K is totally ramified. Moreover, vg(m) = 1.

Suppose instead that E/K is a totally ramified extension, and let f(X) € Ag[X]
be the minimal polynomial of a uniformizer 7y € Ag. Then Ng(f) has a single slope
(since all of the roots of f(X) in a splitting field are conjugate over K, so have the same
valuation), which equals e;} - The y-coordinate of the end-point of Ng(f) is therefore
n/eg/xk = vi(ay). Since n < [E: K| = eg/kx and vk(ay) is an integer, we find n = [E : K]
and so f(X) is irreducible and f(X) is Eisenstein. O

Having given a characterization of totally ramified extensions, we turn to the unram-
ified case.

Proposition 4.12. Let K be a CDVF, and let l/ky be a finite separable extension. Then
there exists an extension L/K of CDVFs and an isomorphism ¢ : | — ki, with the following
properties:

1. The extension L/K is unramified.

2. For any finite separable extension E /K equipped with a k-embedding 5 : 1 — kg, there
is a unique K-embedding J : L — E which induces 701~ on residue fields.

Proof. Let @ € [ be a primitive element, let f(x) € kx[X] be its minimal polynomial, and
let f(X) € Ag[X] be a monic polynomial with reduction modulo 7 equal to f(X). Then
f(X) is irreducible and separable. Indeed, any factorization f(X) = g(X)h(X) in Ag[X]
could be reduced modulo 7 to obtain a non-trivial factorization of f(X), contradicting the
irreducibility of f(X). It is separable since the reduction modulo 7x of the discriminant
disc f equals disc f which is a non-zero element of k.

Let L = K[X]/(f(X)), and let « = X mod (f(X)) € L. Then L/K is an extension of
CDVFs and o € A. We observe that there is a ring homomorphism Ax[X]/(f(X)) — AL,
hence a ring homomorphism Ag[X]/(f(X),7x) =1 — AL/(rkx) — Ar/(7r) = kr. Since
any homomorphism of fields is injective, this is actually a kx-embedding | — kp. Since
fryw <[L: K] =degf=degf=[l: kg, the map [ — ky, is an isomorphism, fr/x = [L :
K], and the extension L/K is unramified.

We next address the universal property of L/ K. Let E/K be an extension of CDVFs.
We know that K-embeddings L. — FE are in bijective correspondence with roots of f(X) in
E, hence in Ag (since any such root is integral over Ag).
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On the other hand, kx-embeddings k;, — kg are in bijective correspondence with
roots of f(X) in kp. Thus we can associate to any J : L — E a j: k; — kg by taking
reduction modulo (7g) of the associated root of f(X).

To complete the proof, we need only observe that the simple version of Hensel’s
lemma implies that reduction modulo (7g) gives a bijective correspondence between roots
of f(X) in Ag and roots of f(X) € kg; note that since f(X) is separable, each root in kg is
necessarily a simple root. O

We now present some important consequences of this result. The first is that for any
prime p and any n > 1, there is a unique unramified extension E, /Q, of degree n, up to
isomorphism. Indeed, we know from Galois Theory that there is a unique extension F,»/F,
of degree n, up to isomorphism. The proposition provides an unramified extension E,/Q,
equipped with an isomorphism ¢ : Fyn — kg,. If L,,/Q, is another unramified extension of
degree n, then there is an isomorphism j : F,» — kg, which is automatically upgraded to
an isomorphism J : E,, — L,.

The second is that for any extension E/K of CDVFs with separable residue field
extension kg/kk, there is a unique subextension E/FE,/K with the property that Ey/K
is unramified and kp = kg,. Indeed, the proposition provides an extension FE,/K with
an isomorphism ¢ : kg — kpg,. The universal property then implies the existence of an
embedding J : Ey — E which induces ¢! at the level of residue fields, so we can identify
Ey with a subfield of E. We see that Fy contains any intermediate field E/E;/K such that
E, /K is unramified; we can therefore call Ey the maximal unramified subextension of £/ K.

When E/K is further Galois, we can characterize Ej in a different way. Indeed,
in this case we have proved that kg/kx is Galois and that there is a surjective homomor-
phism Gal(E/K) — Gal(kg/kk). We define the inertia group Ig/kx to be the kernel of
this homomorphism. Galois Theory implies that E; = E'#/% is a subextension of E/K
with Gal(E,/K) = Gal(kg/kk). We claim that in fact Fy = Fj, and F; is the maximal
unramified subextension of £/K:

Proposition 4.13. Let E/K be a Galois extension of CDVFs, with kg/ky separable. Then
the mazimal unramified subestension Ey of E/K equals E#/% .

Proof. Let @ € kg be a primitive element, let f(X) € kx[X] be its minimal polynomial, and
let f(X) € Ag[X] be any monic lift of f(X). We have seen that Ey may be characterized
as the subfield of E generated by a root of f(X). On the other hand, Hensel’s lemma shows
that f(X) splits into linear factors in Ag,[X]. Consequently Ej is the splitting field of f(X),
and is a Galois extension of K. The map reduction modulo 7k gives a bijection between the
roots of f(X) in Ey and the roots of f(X) in kg. In particular, an element o € Gal(E/K)
acts as the identity on Fy if and only if it acts as the identity on kg. This shows that
Gal(E/Ey) = Ig/k, and hence that E'e/x = E, as claimed. O

Let E/K be a Galois extension of CDVF's such that kg/ky is separable.
Definition 4.14. Let G = Gal(E/K). For each i > 0 we define the i lower ramification
group G; = ker(Gal(E/K) — Aut(Ag/(7id1))). By convention, we take G_; = G.
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Thus Gy = Ig/k = ker(Gal(E/K) — Gal(kg/kk)) is the usual inertia group. We
have G_; D Gy D G; D ... and N;>oG; = {1}. Moreover, each G; is a normal subgroup of
G (it is the kernel of a homomorphism). If E/L/K is an intermediate field extension and
H = Gal(E/L), then it follows from the definition that H; = H N G;. The following lemma
is useful for computations.

Lemma 4.15. Let 0 € Gy. Then for eachi >0, o € G; if and only if vg(o(mp)—mE) > i+1.

Proof. Let Ey/K denote the maximal unramified subfield of E/K, so Gy = Gal(E/E)p).
We have Ap = Apg)[rg]. Indeed, by Nakayama’s lemma this holds provided the map
Ap[me] = Ap/(mg,) = Ag/(ry’") is surjective. However, any element of Ap admits a
mp-adic expansion Z?io ajﬂjé, where the elements a; lie in Ag, (as the map Ag, — kg is
surjective), and any finite such expression lies in Ag, [7g].

We see in particular that o € Gy acts trivially on Ag/(7i!) if and only if o(ng) =
7 mod (1), of equivalently vg(o(rg) — mg) > i + 1. O
Ezample 4.16. Let E = Qy(v/2), K = Q,. Then E is the splitting field of the Eisenstein
polynomial X? + 2, so E/K is ramified and we can choose 7p = V2 as a uniformizer. The
Galois group G = {1, s} contains two elements, and vg(s(7g) — 75) = ve(—Vv2 — V/2) = 3.
Thus G = Gy = G; = Gy, and G3 = G4 = ... are trivial.

Example 4.17. Let E = Qu(i), K = Q. The identity (1 4 7)? = 2i shows that E/K is a
ramified quadratic extension and that we can choose 7 = 1+ as a uniformizer. The Galois
group G = {1,t} has two elements, and vg(t(7g) — 7g) = vg(—i — i) = vg(—2i) = 2. Thus
G =Gy=Gy and Gy = G3 = ... are trivial.

We see that in the first case, we have to go one step deeper into the filtration of G
by its lower ramification groups before they become trivial. This is a sense in which the
extension Q5(v/2) is “more ramified” than the extension Qs (7).

Ezample 4.18. Let E = Qy(v/2,1), K = Q,. Then E is compositum of two ramified quadratic
extensions, which are distinct (since they have different ramification groups). Therefore E/K
has degree 4 and Gal(E/K) has 4 elements {1, s,, st}, where s sends v/2 to —/2 and fixes
1, while t sends 7 to —i and fixes V2.

The element ¢ = (14 14)/+/2 is a primitive 8" root of unity, and ¢ — 1 is a root of the
polynomial (X + 1) +1 = X* +4X3 +6X?% +4X + 2, which is Eisenstein over Q,. We find
that E/K is totally ramified, so G = Gy, and 7 = ¢ — 1 is a uniformizer.

We calculate vg(o(mg) — mr) = ve(o(() — () for the various elements o € G:

. 1+ 1+1 - B -
S.UE(— \/§ — \/i)_UE( 2C)—4,
‘ 1—i_1—|—i . _ﬁ:
t.vE(\/g \/5)_ E( \/5) %

=i 1+
- = vp(—V2) = 2.

vz e eV

We find Go = G = {1, s,t,st}, Go = G3 = {1,s}, and G4, = {1}.

st vp(—
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Lemma 4.19. Let m € Ay, be a uniformizer, and let s € Go, i > 0. Then s € G; if and only
if s(m) /7 =1 mod (7).

Proof. We can assume, after replacing K by the maximal unramified subextension of L/K,
that L/ K is totally ramified and A;, = Ag[n]. If s € Go, then we have i¢(s) = vp(s(m)—7) =
vr(s(m)/m — 1) + 1, hence ig(s) > i+ 1 if and only if s(7)/7 =1 mod 7'B. O

If s € Gy, then the element s(m)/7 lies in A] (since it has valuation 0). We define a
filtration of the group U, = A} by the formula U} = ker(A} — (Ap/7")*). We thus have
Ur/U} = (Ap/mz)* = k. On the other hand for i > 1 we have U = 1+ 7°Ap, and we
have an isomorphism 7°Ay /7t A, = Ui /U given by z + 1+ 2. It is a homomorphism
because (1 +2z)(1+y)=1+z+y+zy, and zy € 7L A.

Proposition 4.20. Let m € A be a uniformizer.
1. There is an injection Go/G1 — kJ given by the formula s — s(w)/m mod my,.

2. For each i > 1, there is an injection G;/Giy1 — 7 AL /7 AL given by the formula
s+ s(m)/m— 1.

3. The quotient Go/Gy is cyclic. If kr has characteristic 0, then the group G is trivial.
If kp, has characteristic p > 0, then the group G is the unique p-Sylow subgroup of Gy.

Proof. We have already proved the first two parts. We prove the third. The group G is
finite, and Go/G is a finite subgroup of the multiplicative group of a field, which is therefore
cyclic. If k7, has characteristic 0, then each of the quotients G;/G;11, i > 0, is a finite group
which injects into a Q-vector space, which is therefore trivial. Since N;G; = {1}, we see that
the group G; must be trivial.

If k;, has characteristic p, then the same argument shows that G, has order a power
of p: each GG;/G;;1 is a subgroup of the additive group of a 1-dimensional kj-vector space.
On the other hand, the quotient Gy/G; injects into the torsion subgroup of k;, which has
order prime to p. The result follows. m

Corollary 4.21. The group 11,k = Gy is soluble. If the residue field kg is finite, then the
group Gal(L/K) is soluble. There is no Galois extension E[/Q, with Galois group As.

Definition 4.22. If L/ K is a Galois extension of complete discrete non-archimedean valued
fields, we say that L/ K is tamely ramified if the group G is trivial. We say that it is wildly
ramified if Gy is non-trivial.

Corollary 4.23. Suppose that the extension L/K is Galois and totally tamely ramified of
degree n. Then K contains the n™ roots of unity, and there exists a uniformizer T € Ag
such that L = K( /7).

Proof. There is an embedding Gy < k. Any finite subgroup of k% is cyclic, so we find that
G is cyclic of degree n. By the existence of Teichmiiller representatives, we find that K itself
contains the n™ roots of unity. Moreover, if 7, € Ay is a uniformizer and o € Gal(L/K) is a
generator, then there is a primitive n'" root of unity ¢ € A% such that o(7;) = (77 mod 7.
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Let o = 7y + (" lo(np) + (202 (mp) + - -+ + Vg Y(x,). Then o(a) = o(rp) +
<o+ 4+ (rp = Ca, hence a" € Ag. We claim that « is a uniformizer of A;,. We calculate
modulo 7%: here, we have

amod 77 =7 + (N + 2 + -+ - = nrp, mod 77

Since L/K is tamely ramified, n € Ay and hence v(a) = v(my) = 1. It follows that
Ap = Akla] and o™ = 7k is a uniformizer of Ag. O

We now continue to investigate the situation where E/K is a Galois extension of
CDVFs with kg /kg separable. Consider an intermediate extension F/L/K with L/K Galois,
and let H = Gal(F/L), a normal subgroup of G. It is immediate from the definition that
lower ramification subgroups are compatible with passage t subgroups: H; = G; N H for each
1 > 0. However, this is not true for passage to quotient, as the following example shows:

Ezample 4.24. Let E = Qy(v/2,1). We have seen that G = Gal(E/Q,) = (Z/27) x (Z/27).
We have G = Gy = G1, and Gy = G3 = Gal(F/Q(7)), G4 = {1}.

If L = Q:(v2), H = Gal(E/L), G/N = {1,t}, then (G/H)o = (G/H)1 = (G/H),
(G/H)3 = {1}. In particular, (G/H)3 is not equal to the image of G5 in G/H.

We now show how to modify the numbering of ramification subgroups so that they
become compatible with passage to quotient. This work will later play an essential role in
our formulation of global class field theory.

Definition 4.25. If u > 0 us a real number, then we define G, = Gp,). The ramification
function is ppk 2 [0,00) = [0,00) is defined by pp/x(u) = [i- [Go : G dt.

We observe that ¢ is a continuous, piecewise linear, strictly increasing homeomor-
phism of [0, 00) to itself. The points of discontinuity of its derivative occur at integer values
of u.

Definition 4.26. Forv € [0,00), we define Vg x(v) = @E}K(v). Thus gk is a continuous
piecewise linear, increasing homeomorphism of [0,00) to itself. The ramification groups G*
are then defined for all real numbers v € [0, 00) by the formula GV = Gy ()

It is clear from the definition that N,»oGY = {1} and that G° = Gy = I k. The
filtration is left-continuous, in the sense that G = NG~ ¢ for all v > 0. We say that a real
number v is a jump in the upper-numbering filtration if the inclusion GV*¢ C GV is strict for
all € > 0. In contrast to the lower numbering, jumps can occur at rational numbers which
are not integers! (See Question 4 on the example sheet for an example of this behaviour.)

Ezample 4.27. Let E = Qa(v/2,4), L = Qu(v/2). Let G = Gal(E/Q,), H = Gal(E/L).
We calculate G' = G, G* = Gal(E/Q2(i)) (and the jumps are at v = 1,2). We have
(G/H)> =G*H/H.

We now give another description of the function . We first introduce an important
function i¢ : G — Zso — oo by the formula i¢(s) = 1 +sup(i > —1 | s € G;) (and
i¢(1) = 0o, by convention). Thus we have the formulae

G,={seGlig(s) >u+1}
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and for any s,t € G,
ic(st) > min(ig(s),ig(t)),

with equality if ig(s) # ig(t).
Lemma 4.28. Suppose there exists a« € Ag such that Ap = Ak[a]. Then for any s € G,

ic(s) = ve(s(a) — ).

Proof. Let i € N. Then ig(s) > i+ 1 if and only if s € G, if and only if s acts trivially
on Ap/(r1), if and only if s acts trivially on the image of a in Ag/(7f"), if and only if
s(a) = a(rd!), if and only if vg(s(a) —a) > i+ 1. O

Lemma 4.29. There erxists « € Ap such that Ap = Akla].

Proof. Let § € kg be a primitive element for kg/kx, let f(X) € kg[X] be its minimal
polynomial, let f(X) € Ax[X] be a monic lift of f(X), and let y € Ag be the unique root of
f(X) which is congruent to ¥ modulo (7g) (this exists by Hensel’s lemma). Let a« = y + 7.
We claim that Ap = Ag[a].

By Nakayama’s lemma, it is enough to show that the map Ag[a] — Ag/(nk) =
Ap/(75" ) is surjective. We note that Ag[a] contains a set of representatives for the
residue field kg (as @ mod (7g) = ). Moreover, we have f(a) = f(y+7g) = f'(y)7p + 752
for some z € Ag. Since f(X) is separable, f'(y) is a unit and so f(a) has valuation 1, hence
is a uniformizer. Therefore any element of Ag/(7y"") admits a representative of the form
SEE aif (@), with a; € Ag[a]. Since also f(a) € Ak|a], this completes the proof. O

Lemma 4.30. We have the formula ¢p/x(u) +1 = #Go Y oseemin(ig(s),u+1).

Proof. Both functions are continuous and piecewise linear, and take the value 1 at u = 0.
It therefore suffices to show that for non-integer values of wu, the left-hand side and the
right-hand side have the same derivative.

At a point m < u < m with m € N, the left-hand side has derivative [Gg : G,]~'. The
function min(ig(s),w + 1) has derivative 0 if ig(s) < u+ 1 and derivative 1 if ig(s) > u+1
(equivalently, if s € G,). Thus the derivative of the right-hand side is |Go| ™G] = [Go :
G.] 7!, as desired. O

Lemma 4.31. Let s € G, let H be a normal subgroup of G, and let L = E®. Then we have
the formula

Zg/H (sH) = —ZZG st).

CE/L ich

Proof. We can assume that s ¢ H (otherwise both sides are oco). Choose elements o € Ap,
B € Ay such that Ap = Ag[a] and A, = Ag[f]. Then we have

iym(sH) = vn(s(8) — ) = ﬁv};(s(m —8),
while
oo ZZG (st) eE/L ve(]J(st(e) - @)).
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It is therefore enough to show that s(3) — 8 and [, (st(a) — @) have the same valuation
(under vg). To this end, let f(X) =>".a;X* € A [X] denote the minimal polynomial of «

over L, so f(X) = [[,cy (X —=t(a)). Let s(f)(X) = >ois(a) Xt = [Len (X —st(a)) € Ag[X].

Then we have .

[L(st(0) - o) = s(£)(e) — f(@) = Y (s(a) - a)a.

teH i
Each element s(a;) — a; is divisible by s(5) — 3, so we see that vp(][,c4(st(a) — a)) >
ve(s(B) = P).

For the reverse inequality, choose g(X) € Ax[X] such that g(«) = 8. Then g(X)—p5 €

Ap[X] has « has a root, so is divisible by f(X) in Ay [X]. It follows that g(X) — s(8) is
divisible by s(f)(X) in Ag[X], and so g(a) — s(5) = S — s(f) is divisible by s(f)(a) =
[Licn(st(a) —a) and v([[,c 4 (st(a) — ) < vg(s(B) — B). This completes the proof. [

Lemma 4.32. Let H be a normal subgroup of G, and let L = Ef. For s € G, define
Jj(sH) =sup(ic(st) |t € H). Thenig/u(sH) =1+ ¢p/(j(sH) —1).

Proof. We have just shown that i/ y(sH) = > en ta(st). On the other hand, we have

eE/L
1+ op/i(j(sH A Zmln (ig(t),j(sH)).

Noting that |Hy| = eg/r and ig(t) = ig(t) for t € H, we see that it is enough to show that
ig(st) = min(ig(t), j(sH)) for each t € H. We will show that this is true provided that the
representative s for the coset sH is chosen so that ig(s) = j(sH) (i.e. so that ig(st) < ig(s)
forallt € H).

In this case, we have min(ig(t),j(sH)) = min(i¢(t),ic(s)). If ig(s) # ic(t) then
ig(st) = min(ig(t),ig(s)) (as observed above), so both sides agree. If ig(s) = ig(t), then
ic(st) > ig(s), hence ig(st) = ig(s) (as ig(s) is maximal), so again both sides agree. This
concludes the proof. n

Theorem 4.33 (Herbrand’s Theorem). Let H be a normal subgroup of G, and let L = EX.
Let w € [0,00), and let v = pg/(u). Then (G/H), = G, H/H.

Proof. For s € G, we have sH € G,H/H if and only if j(sH) > u + 1, if and only if
Jj(sH)—1 > u, if and only if g/ (j(sH)—1) > ¢g/(u) = v, if and only if i/ (sH) > v+1,
if and only if sH € (G/H),. O

Lemma 4.34. We have the formula ¢p/k = ©1/K © PE/L-

Proof. Let H be a normal subgroup of G, and let L = Ef. Both sides are continuous,
piecewise linear, increasing homeomorphisms of [0,00) into itself. It suffices therefore to
show that the derivatives are equal, wherever they are defined. The derivative of the
left-hand side at u equals [Gy : G,]7!, while the derivative of the right-hand side equals
Oy (PE/(1) g (u) = [(G/H)o (G/H)«»E/L ] '[Ho + H,]™". By the previous lemma,
this is equal to [(G/H)y : G,H/H|'[Hy : H,|™'. Noting that (G/H)y = GoH/H, we see
that [(G/H)y : G,H/H] = |G0||Hu||Hg|’1|Gu|’1, which gives the desired result. O
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Theorem 4.35. Let H be a normal subgroup of G, and let L = E*'. For all v > 0, we have
(G/H)"=G"H/H.

Proof. By the lemma, we have ¢p/x = g/ 0 ¥r/k. By definition, we have (G/H)" =
(G/H)y, vy By Herbrand’s theorem, we have (G/H)y, ) = Gy pov,,xH/H =
Glyptoy H/H = GH/H. O

The existence of the upper numbering allows us to give a robust generalization of the
notion of maximal unramified subextension.

Definition 4.36. Let E/K be a (possibility not Galois) extension of CDVFs with kg/kxk
separable, and let v > 0 be a real number. We define E* = ENLY", where L/E is extension
of CDVF's with ki,/ Kg separable such that L/K is Galois and G = Gal(L/K).

Thus if v < ¢/ then EY € EY, and UysoE" = E. We check that this definition
is independent of the choice of L. It suffices to check that if L'/L is a further extension
of CDVFs with kg /k; separable and L'/K Galois then E N LY = E N (L))" (where
G’ = Gal(L'/K)). This follows from the equality (G')" Gal(L'/L)/ Gal(L'/L) = G".

Theorem 4.37. Let E/K be a (possibility not Galois) extension of CDVFs with kg/kk
separable.

1. EY is the mazimal unramified subextension of E/K.
2. Let E/M/K be an intermediate subfield. Then MY = E”" N M.

3. Let E/M,N/K be intermediate subfields. Then MV - N* C (M - N)*. In particular, if
MY =M and N* = N then (M - N)" =M - N.

Proof. Let L/K be the Galois closure of E/K, and let G = Gal(L/K). We have G* = G° =
Go = Ik, so the first part is clear. The second part follows from the definition. For the
third, the given inclusion may be rewritten as (M NLE")- (NN LY) C (M-N)N L%, which
is again clear. O

This notion becomes particularly useful in the case of abelian extensions of p-adic
fields, thanks to the following theorem, which will not be proved in this course:

Theorem 4.38 (Hasse-Arf Theorem). Let K/Q, be a finite extension, and let E/K be an
abelian extension (i.e. a finite Galois extension with abelian Galois group). Let v > 0 be a
gump in the ramification filtration (i.e. a real number such that Gal(E/K)" # Gal(E/K)""¢
for alle >0). Then v € Z.

This theorem in turn motivates the following definition, which we will use to organize
our formulation of global class field theory.

Definition 4.39. Let K/Q, be a finite extension, and let E/K be an abelian extension. We
define the conductor ideal of E/K to be the ideal Cp/x = (7%), where a > 0 is the smallest
non-negative integer such that Gal(E/K)* = {1} (or equivalently E* = F ).
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Note that Cg/k is the unit ideal if and only if £/K is unramified.

Proposition 4.40. Let K/Q, be a finite extension, and let E/K be a Galois extension. Let
E1, B3/ K be subextensions of E/K which are abelian over K. Then Ey - Ey is abelian over
K cmd OE1-E2/K = lcm(C'El/K, OEQ/K)

Proof. There is an injective homomorphism Gal(E; - Fy/K) — Gal(E,/K) x Gal(Ey/K)
(given by restricting a given homomorphism to each subfield). Since a product of abelian
groups is abelian, E; - Fy/K is an abelian extension.

If a € [0,00), then we have (E; - Ey)® = (Ey - E3) N E% so Ey - By = (B - Ey)? if and
only if Ef‘ = E1 and Eg = EQ. This shows CE1~E2/K = 1CH1(CE1/K, CEQ/K) ]

5 Global class field theory

We now begin our discussion of global class field theory. Class field theory aims to describe
all abelian extensions of a given number field K. By definition, an abelian extension is a
finite Galois extension E/K with abelian Galois group Gal(E/K). We begin by describing
the shape of the theory in the case K = Q.

Let N > 1 be an integer, and let (x = ¢*™/N. Then the extension Q(Cy)/Q is abelian:
it is Galois, because it is the splitting field of the polynomial X~ —1, and it is abelian because
there is an isomorphism Gal(Q({x)/Q) — (Z/NZ)* which sends o € Gal(Q({x)/Q) to the
unique residue class @ mod N such that o((y) = ¢%. We write o, € Gal(Q({x)/Q) for the
automorphism corresponding to a mod N.

By Galois theory, the following two sets are in canonical bijection:

e The set of abelian extensions K/Q such that K C Q((w).
e The set of subgroups H C (Z/N7Z)*.

A field K corresponds to the image of Gal(Q((y)/K) in (Z/NZ)*. To see how this describes
all abelian extensions, we need the Kronecker—Weber theorem:

Theorem 5.1. Let K/Q be an abelian extension. Then there exists an integer N > 1 such
that K C Q(Cw). More precisely, we have K C Q(Cw) if and only if Cro|(N) (divisibility
of ideals of 7).

This allows us to upgrade our correspondence to a bijection between the following
two sets:

e The set of abelian extensions K/Q such that C/g|(N).
e The set of subgroups of H C (Z/NZ)*.

This is close to what class field theory will say when Q is replaced by a general number
field. However, the definition of the above bijection still depends on our explicit description
of Q(¢x) as an abelian extension with Galois group (Z/NZ)*. In general, class field theory

30



will describe the Galois groups of abelian extensions explicitly, but it will not describe the
extensions themselves. We therefore need to give a characterization of our bijection that
does not involve the knowledge of explicit abelian extensions of Q.

This is based on the existence of Frobenius elements. Recall that if K is a number
field and E/K is a Galois extension (not necessarily abelian), then the Frobenius element
Frobg,p € G = Gal(E/K) is defined for any non-zero prime ideal P C O lying below the
prime ideal Q C OF such that eg,p = 1. It may be characterized as the unique element of
the decomposition group Dg,/p which induces the Frobenius automorphism z +— z!¥Pl on the
residue field kg.

If o € G, then ¢(Q) is another prime ideal of O lying above P, so Frob,g)/p € G
is also defined. In fact, Frobs(g),p = o Frobg,p o~ !. To see this, note that o Frobg,p o te
Dy(qy/p, and o descends to an isomorphism kg — ky(g) of extensions of kp which inter-
twines the Frobenius automorphism on source and target. In particular, when G is abelian,
Frob,(g)/p = Frobg,p is independent of the choice of prime ideal of Of lying above P. We
record this fact as a definition:

Definition 5.2. Let E/K be an abelian extension of number fields, and let P C Ok be a non-
zero prime ideal which is unramified in Og. Then the Artin symbol (P,E/K) € Gal(E/K)
is defined to be the Frobenius element Frobg,p for some (hence any) choice of prime ideal
Q C Og lying above P.

We can now complete our formulation of class field theory for cyclotomic fields.

Theorem 5.3. Let N > 1 be an integer, and let K/Q be an abelian extension such that
Cko|N. In particular, any prime p { N is unramified, so the Artin symbol ((p), K/Q) €
Gal(K/Q) is defined. Then there is a unique surjective homomorphism ¢ q : (Z/NZ)* —
Gal(K/Q) which, for any prime pt N, sends the residue class p mod N to the Artin symbol
((p), K/Q). The assignment K +— ker ¢ g defines a bijection between the following two
sets:

o The set of abelian extensions K/Q such that Cql(N).
o The set of subgroups of H C (Z/NZ)*.

This is the statement that we will generalize to an arbitrary base number field. Before
we do so, let’s check that the bijection of the theorem agrees with the previous one. In other
words, we must check that the homomorphism (Z/NZ)* — Gal(K/Q) arising from an
embedding K C Q((y) agrees with ¢ g; or in other words, that if p { N is a prime then

ool = ((p), K/Q). It follows from the definitions that ((p), K/Q) = ((p), Q(¢n)/Q)|x, so
it’s enough to show that o, = ((p), Q((n)/Q). The automorphism o, is characterized by

0p(Cn) = (X. On the other hand, if P C Og,) is a prime ideal lying above (p), then
((p), Q(Cn)/Q) is characterized by

((p), Q(¢n)/Q)(Cy mod P) = ¢} mod P.

Since the map Ogcy) — kp induces a bijection on N* roots of unity, we must in fact have

((p), QUCN)/Q)(Cw) = ¢
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hence o, = ((p), Q(Cw)/Q)-

We now turn to the general case. We first need to introduce a certain amount of
notation. Let K be a number field.

Definition 5.4. A modulus of K is a pair m = (mg,my,), where my C Ok is a non-zero
ideal and ¢, C Homg(K,R) is a subset (which may be empty).

If m;n are moduli we write m < n if mglng and my, C no. This defines a partial
order on the set of moduli of K.

The trivial modulus is (O, (). It satisfies (Ok,?) < m for any other modulus m.
If E/K is any abelian extension, then we can define a modulus mg/x = (Mg/k0, ME/K.00),
where mg/x o = Cg/k is the conductor ideal and mg/k o is the set of embeddings 7 : K — R
such that there does not exist an embedding 7 : E — R with 7|, = 7 (more informally, the
set of real embeddings of K which do not extend to real embeddings of F).

Definition 5.5. Let & denote the group of non-zero fractional ideals of Ok, and & C I
its subgroup of non-zero principal fractional ideals (i.e. of the form aOy for some o € K*).

If m = (mg, my,) is a modulus, then we write & (mg) C & for the subgroup of non-
zero fractional ideals I which are prime to my, in the sense that for any non-zero prime ideal
P C Ok such that vp(mg) > 0, we have vp(I) = 0. We write K(mg) C K* for the subgroup
of elements a« € K* such that for any non-zero prime ideal P C Ok such that vp(mg) > 0,
we have vp(a) = 0. We write Ky C K(mg) for the subgroup of elements a € K* such that
for any non-zero prime ideal P C Ok such that vp(mg) > 0, we have vp(a — 1) > vp(my),
and for any T € My, we have T(a)) > 0.

We write Z2(mg) C P for the subgroup of principal non-zero fractional ideals of
the form («) for some o € K(mg). We write Py C P(my) for the subgroup of principal
fractional ideals of the form («) for some o € K.

Finally, we define the ray class group of modulus m to be the quotient H(m) =

F(mg) ) P

We observe that the ray class group associated to the trivial modulus is the quotient
Hyi = 7/ 2; this is the usual ideal class group of the number field K. In general, the ray
class group generalizes simultaneously the usual ideal class group of the number field K and
the group (Z/NZ)* in the case K = Q. This is made precise by the following proposition:

Proposition 5.6. Let m be a modulus of K.
1. The ray class group H(m) is a finite abelian group.

2. There are short exact sequences of abelian groups

003/ (O N K)— (O /m0)* x [, . {1} — P (mo) | Ppy—0.
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Proof. We take on trust the theorem, proved in Part II Number Fields, that the ideal class
group Hy is always finite. The first part of the proposition then follows from the second,
using the fact that given a short exact sequence

0 M’ M M 0

of abelian groups, the finiteness of M is equivalent to the finiteness of M’ and M” (and in
this case we have |M| = |M'| - |M"|).
The first exact sequence we write down is

0——=P(my)/ P H(m) S (mg)/ P (mg)—0.

This will give the first sequence in the statement of the proposition if we can construct an
isomorphism #(my)/ P (mg) — Hx = .# /. However, Z(mgy) = & (mgy) N &, so there is
a natural injection .#(mg)/Z?(my) — Hg. To show that it is surjective, we must show that
for any non-zero fractional ideal I of Ok, there is « € K* such that o' € #(my). We can
assume without loss of generality that I C Ok is a non-zero ideal. By the Chinese remainder
theorem, we can find o € K* such that v,(a) = v,(I) if vp(mg) > 0. Then vp(a™1) =0 if
vp(mg) > 0, hence a1 € #(my).

To get the second exact sequence, we use the commutative diagram with exact rows:

0——=0% N Ky K P 0.

By the snake lemma, there is an exact sequence
0——=05x/(0O N Ky)——=K(mg)/ Kn—>P(mg) / Py—0.

We need to construct an isomorphism

K(mg)/Kw — (O /mo)* x [] {1}

TEMo

is an isomorphism. We first construct a map. Note that if P C Ok is a non-zero prime
ideal such that vp(mg) > 0, then the inclusion K(my) C K factors through an inclusion
K(mgy) = Of, and so there is a map K(mg) — Ok, /(1+mOf,) = (O /PvP(™))*  hence
(by the Chinese remainder theorem) a map K(my) — (Og/mg)*. We take the product of
this map with the map K(my) — [] {£1} which sends o € K(mg) to (sgn7(a))rem.. -
This determines a homomorphism

K(mg) — (O /mo)* x ] {1}

TEMoo

TEMoo

with kernel K. To complete the proof, we just need to show that this homomorphism is
surjective. Let N € ZNmy be a positive integer. By the Chinese remainder theorem, for any
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x € (O /my)*, we can find a € O such that & = x mod my. After replacing a by o + kN
for some k£ € N, we can assume moreover that 7(a) > 0 for each 7 € m,.

We therefore just need to show that for any subset S C m,,, we can find 5 € O such
that # = 1 mod mgy, 7(5) > 0if 7 € S, and 7(5) < 0 if 7 ¢ S. To accomplish this, choose
v € Ok such that K = Q(v), and let f(X) € Z[X] be the minimal polynomial of v over
Q. The embeddings of K in R correspond to the real roots of f(X). Let vq,...,7, be the
roots of f(X) corresponding to the embeddings 7y, ..., 7, in my. We can find a polynomial
g(X) € R[X] such that g(y;) = 1if 7, € S and g(y;) = —1if 7, € S. Since Q is dense in
R, we can find a polynomial h(X) € Q[X] such that h(y;) > 0 if 7, € S and h(y;) < 0 if
7; € S. Clearing denominators, we can assume moreover that h(X) € Z[X]. The element
B =14+ kNh(y) € Ok then does the job for any sufficiently large k € N. m

Ezample 5.7. Suppose that K = Q and m = ((N),7), for some integer N > 1. Then
Z* = {£1} and Z* N Qy, is trivial. The ideal class group Hg is trivial, so the proposition
gives an isomorphism H(m) = ((Z/NZ)* x {£1})/{£1} = (Z/NZ)* in this case. If I C Z
is an ideal which is prime to N, then this isomorphism sends the class [I] of I in H(m) to
the integer m, where m > 1 is the unique positive generator of I.

We now consider an example where the embeddings of K in R play a role. Let d > 1
be a squarefree integer, and let K = Q(v/d) be a real quadratic field. Let m = (O, {11, 72}),
where 71,75 : K — R are the two distinct real embeddings. Suppose further that the ideal
class group Hp is trivial. Dirichlet’s unit theorem shows that there is a unit € € Oy such
that O = {£e" | n € Z}. The proposition shows that H(m) = ({£1} x {£1})/{£e?).
Thus H(m) is trivial if and only if 71(¢) and 7,(e) have opposite signs. Since Ng/g(€) =
T1(€)To(€) € Z* = {£1}, we find that H(m) is trivial if Ng/g(e) = —1 and H(m) is cyclic of
order 2 if Nk g(e) = 1.

Either case can occur: examples are given by Q(v/2) (which has class number 1 and
€ =1+ /2) and Q(v/3) (which has class number 1 and € = 2 + v/3).

We can now state the main theorem of global class field theory.
Theorem 5.8. Let K be a number field, and let m be a modulus of K.

1. Let E/K be an abelian extension such that mp g < m. Then there is a unique surjective
homomorphism ¢p/k : H(m) — Gal(E/K) which, for any non-zero prime ideal P C
Ok such that vp(mg) = 0, sends the class [P] € H(m) to the Artin symbol (P, E/K) €
Gal(E/K).

2. The assignment E — ker ¢op/k defines an inclusion-reversing bijection between the
following two sets:

e The set of abelian extensions E/K such that Mg/ < m.
e The set of subgroups H C H(m).

In particular, there exists a mazimal abelian extension L(m)/K such that My /x < m;
for this extension, ¢rmw)/x determines an isomorphism H(m) — Gal(L(m)/K). We
call L(m) the ray class field of modulus m.
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We now discuss examples. The basic case is when m = (O, 0)) is the trivial modulus.
In this case, class field theory says that there is a maximal abelian extension L/K which is
everywhere unramified and in to which every real embedding of K extends; it is called the
Hilbert class field, and there is an isomorphism ¢,k : Hx — Gal(L/K).

Ezample 5.9. Consider the polynomial f(X) = X3 — X +1. As X?+aX +b has discriminant
—4a® — 270, the polynomial f(X) has discriminant —23, and is irreducible (even over F3).
Thus the splitting field L of f(X) has Galois group S3 over Q, and contains the quadratic
extension K = Q(1/—23). We claim that L is the Hilbert class field of K. For this we need

to know two things:

e The extension L/K is everywhere unramified. (Since K has no real embeddings, there
is no additional condition.) This will show that L is contained inside the Hilbert class
field of K.

e The group Hk has order 3. This will show that L actually equals the Hilbert class
field of K.

The class number can be calculated using either the Minkowski bound (as in Part II Number
Fields) or using the theory of binary quadratic forms (on which more shortly). To show that
L/K is everywhere unramified, we observe that the polynomial f(X) has distinct roots
modulo p for every prime p # 23, so any prime p # 23 is unramified in L. There is a unique
prime ideal P C O lying above 23, namely (1/—23). We need to check that P is unramified
in L. Equivalently, we must check that if ) C O is a prime ideal lying above 23, then
€Q/(23) 1s prime to 3.

To this end, we observe that 3f(X) — X f/(X) = —3X +3+4+ X = —2X + 3 is linear.
This implies that f(X) = f(X) mod 23 has two distinct roots in Fy3, one occurring with
multiplicity 2. If aj,ag, a3 € Of are the roots of f(X), then @; = a3 mod @, as mod Q,
a3 mod @ are the roots (with multiplicity) of f(X) in kg. Therefore we can assume after
relabelling that a@; # @, = 3. An element of the inertia group Ig/(23) acts as the identity on
the residue field, so must fix o and possibly permute ay and as. Since I/ (23) is non-trivial
(because 23 is ramified in Oy) we see that I, (23 is generated by a transposition, and indeed
has order prime to 3.

Example 5.10. For an example where the real embeddings play a role, let us consider the field
K = Q(+/3). We have already observed that Hy is trivial, but that if m = (O, {71, 7})
then H(m) is cyclic of order 2. Class field theory tells us that K has no everywhere unram-
ified extension to which the real embeddings extend, but there does admit an everywhere
unramified quadratic extension E/K which admits no real embeddings. What is it? It
is given by £ = K(i) = K(v/=3). (These two presentations of E illustrate that E/K is
everywhere unramified, since Q(i) is ramified only at 2 and Q(v/—3) is ramified only at 3.)

In the remainder of the course, we explain the relation between the class field theory
of imaginary quadratic fields and binary quadratic forms.

Definition 5.11. A binary quadratic form is a function f(z,y) = ax® + bxy + cy® where
a,b, c are integers. We say that the form f represents a given integer m if there exist values
To, Yo € Z such that f(xg,yo) = m.
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We can equivalently represent a binary quadratic form as

fla,y) = (z,y) ( 672 béz ) ( z )

We will analyse the following problem: when is a given prime p represented by a given positive
definite binary quadratic form f(x,y)? Here are some classical results on this problem: Let
p > 7 be a prime. Then p = z? + y* if and only if p = 1 mod 4 (Fermat). We also
have p = z? + 2y? if and only if p = 1,3 mod 8 (Euler), and p = 2? + 532 if and only if
p=1,9 mod 20 (Gauss).

On the other hand, one can show that p = 2? 4 149? if and only if the equations
z? = —14 and (y* 4+ 1)? = 8 have a solution in F,. In general, if n = 1,2 is a squarefree
positive integer, then a prime p  4n is represented by the binary quadratic form x? + ny?
if and only if p splits completely in the Hilbert class field of the imaginary quadratic field
Qv=n).

To explain this we first need to understand the explicit relation between ideal class
groups of imaginary quadratic fields and binary quadratic forms. This is organized around
the notion of discriminant.

Definition 5.12. Let f(z,y) = ax® + bry + cy? be a binary quadratic form. Its dicriminant
is disc f = b% — 4ac.

We observe that a binary quadratic form is positive definite (i.e. takes only positive
values on non-zero vectors) if and only if disc f < 0 and a > 0.
The group SLy(Z) acts on the set of binary quadratic forms by the formula

0w =167 ()

Equivalently, if f its represented by the matrix ( b72 bé 2 ), then ~ - f is represented by

a b/2
b/2 ¢
shows that disc f is invariant under the action of SLoy(Z).

We also need to recall the notion of discriminant in number fields. If K is a num-
ber field of degree [K : Q] = n, and ay,...,a, € K, then we define the discriminant
disc(aq, ..., a,) = det(D)?, where D € M,(C) is the matrix D;; = o;(a;), and where
01,...,0, : K — C are the distinct embeddings of K in the complex numbers. The quantity
disc(ay, ..., a,) is independent of the choice of ordering of oy,..., 0, because any permu-
tation changes det(D) be a sign, which disappears when we take the square. For similar
reasons it is independent of the choice of ordering of aq, ..., a,.

More generally, if A € M,(Z) and we define By,...,8, € K by 8 = 37, Ajay,
then disc(By, ..., B,) = det(A)*disc(ay,...,q,). This formula is particularly useful when
we are given a subgroup M C K which is free of rank n as a Z-module; then we can define
disc M = disc(ay, ..., a,), where a,...,q, is any Z-basis of M. Since any two bases are

the matrix v~ ( ) v~1. Since the determinant of the matrix equals —% disc f, this
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related by an element of GL,(Z), our formula shows that this is independent of the choice
of basis.

Ift M C M C K are two subgroups which are free of rank n as Z-modules, then a
very similar argument (using Smith normal form) shows that disc M" = disc M - [M : M']2.
In particular, if disc M’ = disc M then M’ = M.

A key example is M = Og. Indeed, Ok always free of rank n as a Z-module, so its
discriminant disc O is defined. We compute this invariant when K is a quadratic field. Fix
therefore d € Z a squarefree integer, d # 0,1. We have seen that if d = 2,3 mod 4, then
Ox =7Z ® ZVd, so we have

1 _\\/ff_d):m

The other case is when d = 1 mod 4, in which case O = 7Z & ZH‘/&, so we have

2
1 1+Vd 2
disc O = det ) 2 =d.

disc O = det (

S

2

We can now formulate the fundamental relation between ideal class groups of imaginary
quadratic fields and binary quadratic forms:

Theorem 5.13. Let d < 0 be a squarefree integer, and let K = Q(\/d), where V/d € C is
the square root with positive imaginary part. Let D = disc Ok. Then there is a bijection
between the following two sets:

o The set of SLy(Z)-orbits of positive definite binary quadratic forms of discriminant D.
o The ideal class group Hy.

This bijection sends the orbit of the binary quadratic form f(z,y) = ax® + bxy + cy? to the
class of the fractional ideal 7. ® 73 of O, where § = (—b++/D)/2a (and /D has positive

imaginary part).
We first prove the following intermediate result:

Proposition 5.14. With the same assumptions, there is a bijection between the following
two sets:

e The set of positive definite binary quadratic forms of discriminant D.

o The set of elements B € K of positive imaginary part such that Z. & Z s a fractional
1deal of Ok.

This bijection sends the binary quadratic form f(x,y) = ax?® + bry + cy?® to the element
B = (=b++/D)/2a. It is equivariant for the action of SLy(Z), when SLy(Z) acts on 3 by

Mébius transformations ( )Z( IEI// ) B=(XB+Y)/(ZB+W).
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Proof. Let f(z,y) = ax® + bxy + cy? be a binary quadratic form of discriminant D and let
B = (=b++/D)/2a. We first show that I = Z & Zf is indeed a fractional ideal of O. It is
finitely generated as a Z-module, so we just need to check it is stable under multiplication
by elements of Ox. We note that f(5,1) = 0 (this is just the quadratic formula), hence
af3> = —(bB + ¢). This shows that af - I C I, hence af3 is integral over Z, and a3 € Ok,
hence Z ® Za C Ok. We have disc(1,af) = a*(8 — B)?> = D = disc Ok, so Z @ Zaj3 = Ok
and [ is indeed a fractional ideal of O.

Now suppose 8 € K has positive imaginary part and Z @ Zp is a fractional ideal
of Ok. We associate it to it the unique binary quadratic form f(z,y) = az® + bxy + cy?
with the property that f(5,1) =0, a > 0, and a, b, ¢ are coprime. We need to check that
f(z,y) has discriminant D. To this end, we again note that af leaves I = Z @ Zf stable, so
(lﬁ S OK.

If A+ Bp € Ok is a general element (with A, B € Q), then (A + BfS)I C I, hence
A,B € Z and —Be/a, A — bB/a € Z, hence Bc/a € Z and bB/a € 7Z. Since a,b,c are
coprime we can find integers x,y, z such that za + yb+ zc = 1, hence x +yb/a+ z¢c/a = 1/a.
This shows that B/a € Z, hence B € aZ and Ox = Z & Za3. The discriminant of (1, af3)
equals disc f (same computation as before), so we have disc f = D, as required.

We have now constructed two mutually inverse bijections. It remains to explain
P ) € SLy(Z). Since f(z,y) is
homogeneous of degree 2, we have f(y-p5) = f(XB+Y)/(ZB + W),1) = 0 if and only

it x5+ .26+ W) = £l (]

s (4 =1 =o. g

We can now prove Theorem [5.13}

why they respect the action of SLy(Z). Let v =

)) = 0. In particular, (v - f)(y- ) = 0 if and only if

Proof of Theorem[5.13. Passing to SLy(Z)-orbits in the statement of the proposition, it is
enough to show that the following two sets are in bijection:

e The set of SLy(Z)-orbits of elements 8 € K of positive imaginary part such that Z®Zf
is a fractional ideal of O.

e The set of non-zero fractional ideals of Ok, up to K*-multiple.

We first show that if 5, 8" € K lie in the same SLy(Z)-orbit, then they define the same class
of fractional ideals. Let ( )Z( IEI// ) € SLy(Z), and suppose that 5/ = (X8+Y)/(ZB+W).
Then Z®ZB =Z S ZLXB+Y)/(ZB+W) = (ZB+W) Y Z(ZB+ W) & Z(XS +Y)).
However, we have Z(Z5 + W) @S Z(XF+Y) = Z S Zp (as subgroups of K), so 5 and /5’ do
indeed define the same ideal class.

This shows that the map from the first set to the second is well-defined. We next
show it is surjective. Any non-zero fractional ideal I of Ok is free of rank 2 as a Z-module,
so admits a Z-basis I = Zay @ Zas. After re-ordering, we can assume that as/a; has
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positive imaginary part, hence the ideal class a~'I = Z & Zay/ay is the image of the orbit
of f=as/a.

We finally show that our map is injective. Suppose that the ideals Z & ZS and
Z @ 7' lie in the same class, so there exists o € K* such that Z & Zf = Za & Z5 «.

Then there exists v = Xy ) € GLy(Z) such that o = Z5+ W and fla = X5+ Y,

Z W
hence ' = (XB+Y)/(Z5+W). Since 8, 5/ both have positive imaginary part, we see that
dety > 0, hence v € SLy(Z) and 3, 8’ lie in the same SLy(Z)-orbit. O

This theorem allows us to give another proof that the ideal class group Hg of the
imaginary quadratic field K = Q(v/d) is finite. For this we need to recall the description of
the fundamental domain for the action of SLy(Z) on the complex upper half plane

h={zeC|Imz>0}.
Consider the set
1 1 1
9:{z€b||z|>1,—§§Rez<§}U{z€f)||z|:1,—§§Rez§0}.

We quote the following proposition without proof.

Proposition 5.15. Let z € . Then there exists exactly one 2/ € & which is Sly(Z)-
conjugate to z.

Corollary 5.16. Let D = discOg. Then each orbit of positive definite binary quadratic
forms of discriminant D contains exactly one form f(x,y) = ax® + bwy + cy?® which is
reduced, in the sense that ¢ > a > |b| and if either ¢ = a or a = |b| then b > 0.

Proof. The proposition shows that there is precisely one form f(z,y) = az? + bxy + cy? in
each SLy(Z)-orbit such that 3 = (—b + v/D)/2a lies in 2. We show that this condition is
equivalent to the form f(z,y) being reduced.
We have |f]? = (b* — (b* — 4ac)/4a* = c¢/a and Ref3 = —b/2a. Thus the conditions
18] > 1, =1 <Ref < § are equivalent to ¢/a > 1 and —1/2 < —b/2a < 1/2, or equivalently
1

¢>aand a > b > —a. The conditions |3]* = 1, —5 < Ref8 < 0 are equivalent to ¢ = a and

a>b>0. ]
Corollary 5.17. The ideal class group Hg is finite.

Proof. We need to show that there are finitely many reduced forms of discriminant D. If
f(x,y) = az? + bry + cy? is reduced then —D = dac — b* > 3b%, so |b| < /| D|/3. Once b is
fixed there are finitely many possibilities for f(x,y). O

The following lemma is useful for doing computations.

Lemma 5.18. 1. The identity element of Hy corresponds to the reduced form x*— Dy?*/4
(if D=4d) or 2* + zy+ (1 — D)y?/4 (if D =d).
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2. Let f(x,y) = ax® + bry + y* be a reduced form of discriminant D. Then f(x,y)
corresponds to an element of order dividing 2 in the ideal class group if and only if
either c=a ora=1> orb=0.

We call the forms appearing in part 1 of the lemma the principal binary quadratic
forms of discriminant D.

Proof. For the first part, we note that the unit ideal Ok lies in the trivial ideal class, and
we have Og = Z @ Z+/d or Z ® Z(—1 + v/d) /2, depending on the value of d mod 4. In the
first case, the binary quadratic form corresponding to 8 = v/d is 22 — dx2, which is visibly
reduced. In the second, it is 22 + zy + (1 — d) /4, which is again visibly reduced.

For the second part, we first make the important observation that the Galois group
Gal(K/Q) = {1,0} acts on Hg (here o denotes complex conjugation). Indeed, it acts on
the group .# of non-zero fractional ideals and preserves the subgroup of principal fractional
ideals. Moreover, for any ideal class [I] we have [I][c(])] = [Ok]. Since the classes of
non-zero prime ideals generate Hg, it’s enough to check this when I = P is a prime ideal
of Og. If P lies above the ideal (p) of Z, then we know that either pOx = P? (if p is
ramified), pOx = P (if p is inert), or pOx = Po(P) (if p splits — recall that Gal(K/Q) acts
transitively on the prime ideals of Ok lying above (p)). In all cases Po(P) is principal, so
[Pllo(P)] = [Ox].

It follows that [I] has order dividing 2 in Hg if and only if [/] = [0(/)]. Note that
if I =7Z&Zp, then o(I) = Z & Z(—0o(f)), and —o(f) has positive imaginary part. If
3 corresponds to the positive definite binary quadratic form az? + bry + cy?, then —o ()
corresponds to the form ax? — by + cy?.

We now split into cases. We assume that the form f(z,y) is reduced, or equivalently
that (3 lies in the fundamental domain 2. If 3 lies in the interior of &, then so does —a (),
and so az? — bry + cy? is reduced. We thus have [I] = [o(I)] if and only if these two forms
are equal, or equivalently if b = 0.

Now suppose that (3 lies in the boundary of &, or equivalently that c = a or b = a. In
this case —o(3) lies on the boundary of the closure of &, but not in & itself (unless 5 = 1,
in which case f(z,y) is the principal form of discriminant —4 — we can exclude this case
from our considerations). The form az? — bry + cy? is therefore not reduced, but we see
that there is an element of SLy(Z) which conjugates —o(3) to 5 (for example, if 5 satisfies
Ref = —1/2, then f = —o(f8) — 1 is the image of —o() under the matrix < (1] _11 >)
Therefore the ideal class [I] has order dividing 2 in this case. O

Corollary 5.19. Let p be a prime number not dividing D. Then principal form of dis-
criminant D represents p if and only if p splits completely in the Hilbert class field L/ K of
K.

Proof. By global class field theory, there is an isomorphism ¢/ : Hx — Gal(L/K) which
sends the class [P] of any non-zero prime ideal P C Ok to the Artin symbol (P,L/K) €
Gal(L/K).
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The prime p splits completely in the extension L/Q if and only if p splits completely
p = PP, in K/Q and each prime Py, P, splits completely in L/K. Note that P; splits
completely if and only if the decomposition group at P, inside Gal(L/K) is trivial. Since
it is generated by the Artin symbol (P, L/K), this is equivalent to the Artin symbol being
trivial. By class field theory, this is equivalent to the prime ideal P; being principal.

Thus p splits completely in the extension L/Q if and only if p splits completely
p= PP, in K/Q and each prime ideal P;, P, is principal. We must show that if pt D then
this condition is equivalent to p being represented by the principal form f(z,y).

However, we can write f(z,y) = (z + yB)(z + yo(B)), where O = Z & Z[3. There-
fore f(x,y) represents the prime number p if and only if there exists @ € Ok such that
(a)(o(a)) = pOk. If p 1 D this is equivalent to the condition appearing in the previous
paragraph. O

More generally, one can show that if f(z,y) is a positive definite binary quadratic
form of discriminant D = disc O, corresponding to the ideal class [I;] € Hg, then a given
prime number p 4 D is represented by f(x,y) if and only if p splits completely pOx = P, P,
and one of P, P, lies in the ideal class [If].

We now return to our numerical examples. If D = —4 = disc Z[i], then the principal
form is 22 +y?. The field Q(7) has class number 1, hence trivial Hilbert class field, so we see
that an odd prime p is represented by the form z? + y? if and only if it splits Q(7), if and

only if 22 = —1 has a solution modulo p, if and only if p = 1 mod 4.

Similarly the field Q(v/—2) (disc Ox = —8) has class number 1, and p is represented
by 2% + 2y? if and only if the equation 22 = —2 has a solution modulo p, if and only if
p=1,3 mod 8.

The field Q(v/—5) (disc O = —20) has class number 2, and its Hilbert class field is
Q(v=5,v5) = Q(v/=5,4). A prime number p { 20 is represented by z* + 5y if and only
if p splits in Q(v/—5, 1), if and only if the equations 2> = —1 and y? = 5 have solutions in
F,, if and only if p = 1,9 mod 20. The other reduced form is 22% + 2xy + 3y, and a prime
number p 1 20 is represented by this form if and only if p splits in Q(v/—=5) but does not split
completely in the Hilbert class field Q(v/—5, 1), if and only if p = 3,7 mod 20.
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