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Unit signature ranks

® Let K be a totally real number field of degree n, discriminant Ay,
maximal order Ok, unit group Oy, and real embeddings o1,...,0,: K — R.
® The signature of o € K* is the vector sgn(c) := (sgnoi(a),...,sgnon(c)).

(E.g. For K = Q(+/2), 1+ /2 has signature (+, —), and 3 + 2v/2 has signature (+,+))

The collection of all signatures of units &« € O can be viewed as a subspace of Fj.
The dimension of this subspace (over Fy) is the unit signature rank of K.

Since sgn(—1) = (—, -+, —), we always have 1 < sgnrk(K) < n.

Question: How is sgnrk(K) distributed amongst some family of totally real fields K?
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Real quadratic fields

Let K = Q(v/D) be real quadratic, D > 0 squarefree.
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Real quadratic fields

Let K = Q(v/D) be real quadratic, D > 0 squarefree. Then sgnrk(K) € {1,2}, and
sgnrk(K) =2 <= Ngglek) = -1 <= x? — Dy? = —1 solvable (1)

e If D divisible by some prime p which is 3 mod 4, then (1) is not solvable mod p, and
so sgnrk(K) = 1.
e If D is not divisible by any prime p = 3 mod 4, then sgnrk(K) € {1,2}. But we still
find many examples in both cases:
sgnrk(K) = 1: K = Q(V34), Q(V146), Q(V178), Q(V194), Q(v/205),. ..
sgnrk(K) =2 : K = Q(v2), Q(v/5), Q(V10), Q(v/13), Q(V17), Q(V26),....

Which case occurs more often?
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Real quadratic fields: a brief history

Define the sets:

D :={D > 0 squarefree : p| D = p # 3 mod 4},
D~ :={D > 0 squarefree : sgnrk Q(v/D) = 2}.
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Real quadratic fields: a brief history

Define the sets:
D :={D > 0 squarefree : p| D = p # 3 mod 4},
D~ :={D > 0 squarefree : sgnrk Q(v/D) = 2}.
How big is D~ inside D ?
Let D(X) :=DnNJ[1,X] and D~ (X) =D~ N[, X].
e (Dirichlet 1834) Proved that p € D~ for all primes p =1 mod 4.
e (Nagell 1932) Conjectured that the limit

im 72 (X)

exists and lies in the open interval (0,1).
3/29



Real quadratic fields: a brief history

Leta:= J](1-27)~041942...
j odd
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Leta:= J](1-27)~041942...

j odd

e (Stevenhagen 1993) Developed a heuristic model to conjecture that
. #D"(X)
| ———> = 1—qa =~ 0.5805...

X0 #D(X) “

¢ (Fouvry—Kliiners 2010) Proved the lower and upper bounds

.. H#DT(X) _ . #D(X) 2
a Zliminf ———~ < limsup ———+- < =

X=oo #D(X) 7 xoee #D(X) T3
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Real quadratic fields: a brief history

Leta:= J](1-27)~041942...
j odd

e (Stevenhagen 1993) Developed a heuristic model to conjecture that

jim #2_(X)

=1—-a = 0.
XM D) « 0.5805

¢ (Fouvry—Kliiners 2010) Proved the lower and upper bounds

S g < e = 3

e (Fouvry—Kliiners 2010) Improved their earlier lower bound to
#D~(X) _ 5

li f—— 2 > —o =~ 0.52475...
im.inf #D(X) — 4
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Real quadratic fields: a brief history

¢ (Chan—Koymans—Milovic—Pagano 2019) Used the results of Smith to further improve
the lower bound

#D ( n(n+3)/ ~
|5<r1.gof DX > Zz 0.538. ..
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#D ( n(n+3)/ ~
|m.gof DX > Zz 0.538. ..

¢ (Koymans—Pagano 2020) Improved the lower and upper bounds:

#D~(X) #D(X)
0.54302... < liminf ————= < limsup ———= < 0.59944...
X—oo  #D(X) X—oo H#HD(X)
¢ (Koymans—Pagano 2022) Proved Stevenhagen's conjecture holds, i.e. the limit exists
and is equal to
im ——=

XM D(X) o 0.5805
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From units to class groups

To get a handle on when K has full unit signature rank, we briefly recall the ideas from
the above papers:
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From units to class groups

To get a handle on when K has full unit signature rank, we briefly recall the ideas from
the above papers:
® For a finite abelian group G, and integer m > 1, the 2™-rank of G is

rkom(G) := dimp, 2™ 1G /2™ G

® Note that rka(G) > rka(G) > rkg(G) > ..., and rkom(G) = 0 for all m > 0.
The sequence {rkom(G)}m>1 uniquely determines the 2-primary part of G.

® For any K totally real of degree n:

sgnrk(K) = n < CI(K) = CIT(K)
<= rkom CI(K) = rkom CIT(K) for all m > 1

since the odd parts of CI(K) and CIT(K) agree.
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Real quadratic case

Let K = Q(v/D) be real quadratic with D € D.
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Real quadratic case

Let K = Q(v/D) be real quadratic with D € D.

® By a theorem of Gauss, rka CI(K) = rko CIT(K) = w(D) — 1.
® Thus, if for example either rky CIT(K) = O or rkg CIT(K) = 0 and
rkq CIT(K) = rkq CI(K), then sgnrk(K) =

To therefore obtain bounds for the ratio #D~(X)/#D(X), we must count fields K with
prescribed rkq CIT(K), rkg CIT(K), etc.
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Rédei matrices

Let D € D with prime divisors p1, p2, ..., p:. The Rédei matrix R(D) is a t x t matrix
over [F» where

1. For i # j, we define R(D);; := rjj where (%) =(-1)" .

2. The diagonal entries R(D);; are chosen such that ijl R(D);jj = 0 € IF, for every i.
Note R(D) is a symmetric matrix (by quadratic reciprocity).
Theorem (Rédei 1934)
Let K = Q(v/D) with D € D. Then

rka CIT(K) = w(D) — 1 — rankg, R(D) (= corankp, R(D) — 1)

8/29



Rédei matrices: an example

Example: Let K = Q(v/D) where D =513 - 37 = 2405.
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Rédei matrices: an example

Example: Let K = Q(v/D) where D = 5-13-37 = 2405. The Legendre symbols are
5\ _ (5 _ (13} _
(z)=(z)=(3)=-1,

so all off-diagonal entries equal 1, and all diagonal entries equal 0:

) |

=)
=
[T

R(2405) = (
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Rédei matrices: an example

Example: Let K = Q(v/D) where D = 5-13-37 = 2405. The Legendre symbols are
5\ _ (5 _ (13} _
(z)=(z)=(3)=-1,

so all off-diagonal entries equal 1, and all diagonal entries equal 0:
011
R(2405)=(1 0 1
110

We compute rank R(D) = 2 and corank R(D) = 1. Hence
rko C|+ = 2, rkq C|+ = 0, C|+(K) = C2 X C2,

and in particular x> — 2405y = —1 is soluble.
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Counting Rédei Matrices

Let R; be the set of all Rédei matrices of size t x t. We have a rank-preserving bijection
from R; to the set of symmetric (t — 1) x (t — 1) matrices over Fy
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Counting Rédei Matrices

Let R; be the set of all Rédei matrices of size t x t. We have a rank-preserving bijection
from R; to the set of symmetric (t — 1) x (t — 1) matrices over Fy

Theorem (MacWilliams 1969)

Let N(t,r) be the number of symmetric t x t matrices over F» of rank r. Then:

s 22; 2s—1 ] s 22,- 2s )
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Counting Rédei Matrices

Let R; be the set of all Rédei matrices of size t x t. We have a rank-preserving bijection
from R; to the set of symmetric (t — 1) x (t — 1) matrices over Fy

Theorem (MacWilliams 1969)

Let N(t,r) be the number of symmetric t x t matrices over F» of rank r. Then:

s 22; 2s—1 ] s 22,- 2s )
N(tazs)znﬁ'n(zt—l_l)g N(t,25+1):HﬁH(2t—l—l)
i=1 i=0 i=1 i=0

Corollary

Fix some non-negative integer m > 0. Then

I
tLoo #Rt

i #{M € R; | corankg, M = m+ 1} _ Oélm_[(2i gy
i=1
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Biquadratic fields

Let K = Q(\/d1,v/d>) be a real biquadratic field, with quadratic subfields K; = Q(v/d;),
where d3 = di1d>/ gcd(dy, d»)?. Here n = 4.
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Let K = Q(\/d1,v/d>) be a real biquadratic field, with quadratic subfields K; = Q(v/d;),
where d3 = di1d>/ gcd(dy, d»)?. Here n = 4.

® By a theorem of Edgar—Mollin—Peterson (1986), we have

sgnrk(K) =4 = sgnrk(K;) =2 forall i=1,2,3

— x?— Djy? = —1 solvable foralli=1,2,3.

o (Kubota 1956) If sgnrk(K;) = 2 for each i = 1,2, 3,, then sgnrk(K) € {3,4}.
We again find many examples in both cases:

sgnrk(K) = 3 : K = Q(V/2,/85), Q(v/10,v17), Q(V/13,v85), Q(v17,65), ...
sgnrk(K) =4 : K = Q(v/2,V5), Q(v/5,V13), Q(+v5,V17),Q(v2,V13),. ..
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Rédei matrices for biquadratic fields

Write Ax = D? with D € D, and let py, ..., p; be the primes dividing D. They partition
into three blocks

7 = ged(dr, d3), 72 = ged(d2, d3), 73 = ged(dy, d2),
of sizes t1, to, t3 (so d1 = 71173, d2 = 7273, d3 = 7172)-
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Rédei matrices for biquadratic fields

Write Ax = D? with D € D, and let py, ..., p; be the primes dividing D. They partition
into three blocks
71 = ged(dr, ds), 72 = ged(dz, d3), 73 = ged(dy, da),

of sizes t1, tp, t3 (so di = 7173, da = Y273, d3 = 7172). Let R(D) be the Rédei prematrix
of D consisting of Jacobi symbols (p;/p;). We break R(D) into blocks,

A A Az
R(D)= | An Ay Axs|,
A31 A32 A33
where the Rédei prematrices of D; are given by
A A A A A A
ROD= (50 %) moa= (52 4E). R0 = (50 40

The corresponding Rédei matrices R(D;) are obtained by filling in the diagonals of R(D;).
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Rédei matrices for biquadratic fields

Theorem (Man—V-Yatsyna)

Let my, my, m3 € Ny be fixed integers. Then, ast — co with t; > tp > t3 > %, we have

. #{AERt‘corankF A[,-] :m,--|-]_7,':]_72’3} 3 m; ) -
t|—|>moo Z#Rt =a’ HH(? -1,

i=1j=1
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Rédei matrices for biquadratic fields

Theorem (Man—V-Yatsyna)

Let my, my, m3 € Ny be fixed integers. Then, ast — co with t; > tp > t3 > %, we have

#{A € R | coranks, Ajy = m; + 1,i = 1,2,3} ER
lim =ad° 2 —1)71
t—00 #R¢ ];11:11;11( )
Construction of Ap:
1. Break down the prematrix A 2. Take A to be Rédei matrices:
associated to A into blocks of size
t1, to, t3 respectively A — R A Az A — R Ay Az
Al A [ A1 Agy) TP Az Asz)’
11 12 13 A A
A= |Axn An Ax|, Ap =R <Ai A12> :
A3 A Az =2
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Proof strategy

Sketch proof:

1. Reverse the construction: First fill in the diagonal entries of the three Rédei
prematrices, independently of each other, and then fill in the non-diagonal blocks

14/29



Proof strategy

Sketch proof:

1. Reverse the construction: First fill in the diagonal entries of the three Rédei
prematrices, independently of each other, and then fill in the non-diagonal blocks

2. Grow one row and column at a time. Add a row and column of an off-diagonal
block one at a time, keeping track of the rank. Show that from a symmetric matrix
corank m, ones moves to corank

m—1 wp. 1-2"" m w.p. 2”™°1 m+1 wp. 27mL

14/29



Proof strategy

Sketch proof:

1. Reverse the construction: First fill in the diagonal entries of the three Rédei
prematrices, independently of each other, and then fill in the non-diagonal blocks

2. Grow one row and column at a time. Add a row and column of an off-diagonal
block one at a time, keeping track of the rank. Show that from a symmetric matrix
corank m, ones moves to corank

m—1 wp. 1-2"" m w.p. 2”™°1 m+1 wp. 27mL

3. Model this process as a Markov chain, i.e. the corank performs a random walk on
the sequence of nonnegative integers.

14/29



Proof strategy

Sketch proof:

1. Reverse the construction: First fill in the diagonal entries of the three Rédei
prematrices, independently of each other, and then fill in the non-diagonal blocks

2. Grow one row and column at a time. Add a row and column of an off-diagonal
block one at a time, keeping track of the rank. Show that from a symmetric matrix
corank m, ones moves to corank

m—1 wp. 1-2"" m w.p. 2”™°1 m+1 wp. 27mL

3. Model this process as a Markov chain, i.e. the corank performs a random walk on
the sequence of nonnegative integers.

4. Independence: Do the above to track the coranks of each of Ay}, Ay, and A,
and show these distributions are independent.

14/29



Proof strategy

-1 22 23 o—m-1

1-271 1-272 1-273 1—2=m 1—2-m-1
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Proof strategy

1-271 1-272 1-273 1—2=m 1—2-m-1

m
The probability of landing on corank m approaches aH(2j —1).
j=1
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Back to fields

Let K(X) := {K real biquadratic | Ax = D?,D € D(X)}

Theorem (Man—V-Yatsyna)

K e K(X) | Nxole))=—1,V1<i<3
# (X)) K’;@,(g&) : }2a3z0.0738...

liminf
— 00

16 /29



Back to fields

Let K(X) := {K real biquadratic | Ax = D?,D € D(X)}

Theorem (Man—V-Yatsyna)

K e K(X) | Nxole))=—1,V1<i<3
# (X)) K’;@,(g())() : }2a3z0.0738...

liminf
— 00

® This is only a lower bound, as we have contented ourselves with the case
rkq CIT(K) = 0 (though the method extends to positive rkq, as in Fouvry—Kliiners
and CKMP)
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Sketch proof

We apply the toolbox from Chan—Koymans—Milovic—Pagano (2022):
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1. By Erd8s-Kac, almost all D € D(X) satisfy |w(D) — u| < p?/3, with
W= %Iog log X. The exceptions have relative size O(exp(—%plﬁ)). So it suffices to
work with the subsets

Di(X) :={D e D(X) |w(D)=t}, |t—pul< Ik

2. For each t, we can find some “acceptable” boxes W; C D;(X) such that

(i) almost all D € D(X) is contained in some W;; the exceptions have relative size
< (loglog X)~¢ for some small ¢ > 0.

(i) within each W;, the Rédei matrices are equidistributed, up to some permutation of rows
and columns, with relative error < (loglog X)~¢ for some small ¢ > 0.
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We apply the toolbox from Chan—Koymans—Milovic—Pagano (2022):

1. By Erd8s-Kac, almost all D € D(X) satisfy |w(D) — u| < p?/3, with
W= %Iog log X. The exceptions have relative size O(exp(—%plm)). So it suffices to
work with the subsets

Di(X) :={D e D(X) |w(D)=t}, |t—pul< Ik

2. For each t, we can find some “acceptable” boxes W; C D;(X) such that
(i) almost all D € D(X) is contained in some W;; the exceptions have relative size
< (loglog X)~¢ for some small ¢ > 0.
(i) within each W;, the Rédei matrices are equidistributed, up to some permutation of rows
and columns, with relative error < (loglog X)~¢ for some small ¢ > 0.
3. For fixed D € D;(X), almost all biquadratic K with Ay = D? satisfy t, to, t3 > 1—t0.
The exceptions have relative size < e~¢'°€/°8 X for some small ¢ > 0.
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Kuroda’'s formula

Theorem (Kuroda's formula)
Let K be real biquadratic with quadratic subfields K1, K>, K3. Then

h(K) = % - h(K1)h(K2)h(K3), where @ := [O : O O O |.
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Let K be real biquadratic with quadratic subfields K1, K>, K3. Then

h(K) = % - h(K1)h(K2)h(K3), where @ := [O : O O O |.

Proposition
Suppose h™(K;) = h(K;) for i = 1,2,3. Then

h*(K) = 3 h(Ki)h(K2)h(Ks),
and ht(K) = h(K) < Q =2 < sgnrk(K) = 4.

sgnrk(K) =4 <= h"(K) = h(K) <= H;(K) totally real.
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From class numbers to fields

To obtain bounds on the number of fields with sgnrk(K) = 4, we make the following
simplifying assumption:

rkq CIT (K1) = rkq CIT(K2) = rkq CIT(K3) = 0. (%)
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From class numbers to fields

To obtain bounds on the number of fields with sgnrk(K) = 4, we make the following
simplifying assumption:

rkq CIT (K1) = rkq CIT(K2) = rkq CIT(K3) = 0. (%)

Consequences:
o All three negative Pell equations are solvable (Gauss).
® We have rkg CIT(K) = 0, (Chan—-Milovic 2022)
® We have the order: hy(K)* = 2 hy(K1)ha(K2)ha(K3).
To determine if sgnrk(K) = 4, we need to know if hao(K) = hi (K), i.e. if the two narrow

class field H;(K) is totally real. We do this by classifying quadratic extensions of K
which are unramified at all finite places (UAFP) and determining which are real.
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Quadratic UAFP extensions

Recall rky CIT(K) = #{independent UAFP quadratic extensions of K}.
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Quadratic UAFP extensions

Recall rky CIT(K) = #{independent UAFP quadratic extensions of K}.
Two known sources of quadratic UAFP extensions:

® Genus theory: For each prime p | Ak, the extension K(,/p)/K is UAFP.

¢ Fouvry—Kliiners (2010): Decompositions of the second type D = D;D;: solve
x? — D1y? — D>z?> = 0 and adjoin \/x + y+/Dx.

But there are more!

Example
For K = Q(+/130, v/493), the extension K(1/3)/K is UAFP, where

B =77 + 4v/130 + V/493.

Can we count how many there are, and can we explicitly classify them 7
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Higher genus theory

To do this, we use the higher genus theory of Koymans and Pagano.

Let K = Q(\/a1, - .,+/@m) be a multiquadratic field of degree 2™, where a1, ..., an are
pairwise coprime, squarefree, and have all prime factors =1 mod 4. Let H be the
maximal elementary exponent 2 extension of K unramified at all finite places. We have

Gal(H/K) = CIT(K)[2].

Koymans—Pagano (2022) study the group G = Gal(H/Q) as an expansion group. The
descending central series of G can be equipped with a graded Lie algebra structure. They
construct a universal expansion group G, of which any such G is a quotient.

The theory gives us a way to handle CI*(K)[2]. Unramified F»-extensions of K are built
from 2-cocycles assembled out of data on the multiquadratic subfields of index 2 (the
“corners” of K), and whether such a cocycle is trivial in H?(Gg, F,) is a condition on
local Hilbert symbols.
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Classifying quadratic UAFP extensions

Let v1,7v2,73 € D be pairwise coprime, and let di = v17y3, do = Y273, d3 = y172. Let
K = Q(+v/d1,+/d2). From higher genus theory, the unramified non-genus F»-extensions of
K are characterised by 2-cocycles 6 : Gg — F» of the form

0 = Xd, U Xbybs + Xcdo U Xbyb3> bi | vi,

such that @ is trivial in H?(Gg,F,), i.e. 0 is a coboundary.
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Classifying quadratic UAFP extensions

Let v1,7v2,73 € D be pairwise coprime, and let di = v17y3, do = Y273, d3 = y172. Let
K = Q(+v/d1,+/d2). From higher genus theory, the unramified non-genus F»-extensions of
K are characterised by 2-cocycles 6 : Gg — F» of the form

0 = Xd, U Xbybs + Xcdo U Xbyb3> bi | vi,

such that @ is trivial in H?(Gg,F,), i.e. 0 is a coboundary. Galois cohomology turns this
into a condition on local Hilbert symbols:

0 trivial in H*(Gg,F2) <= (di, bab3), + (da, b1b3), =0 Vv
< (dl, bz)v + (dz, bl)v + (d37 b3)v =0 Vv.

® The Fouvry—Kliiners extensions are exactly the pure cocycles, where only one of
b1, by, bz is nontrivial (hence why these miss some UAFP extensions).
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Counting UAFP extensions

Define the auxiliary Rédei matrix R’ as the symmetric Fo-matrix with entries:

toaly j# i (2) =1,
Woq =140, gl g#p,

roa=p (H22) = (-1

i.e. R’ is the Rédei matrix of D with the intra-block off-diagonal entries deleted and
diagonals recomputed such that rows sum to 0.

Theorem
The number of independent non-genus UAFP Cy-extensions of K is corank R’ — 1, and

rka CIT(K) = w(K) + corank(R’) — 3.
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Example

Let di = p1p2, d> = p3ps. Under our assumption rkg CIT(K;) = 0, up to permuting the

primes, the Rédei prematrix Ax = ((%’)) _is either
ij

*+ 1 1 0 *+ 1 1 1
1 = 0 0 1 x 00
or
1 0 x 1 1 0 x 1
0 0 1 =« 1 01 =
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Example

Let di = p1p2, d> = p3ps. Under our assumption rkg CIT(K;) = 0, up to permuting the

primes, the Rédei prematrix Ax = ((%’)) _is either
ij

*+ 1 1 0 *+ 1 1 1
1 = 0 0 1 x 00
or
1 0 x 1 1 0 x 1
0 0 1 =« 1 01 =

Deleting the intra-block entries (p1p2 and p3ps) and refilling the diagonals gives

1 010 0 011
;10 0 0 0 _ ;10 0 0 O _
R = 101 0l corank = 3, resp. R = 101 0l corank = 2.
0 00O 1001
With w(K) = 4 the theorem gives Cl3 (K) = CJ, resp. C4 x C3.
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But this is not yet enough

Two fields with the same Legendre data

Take v1 =5, 72 = 13 and 3 = 37 or 97. In both cases all three Legendre symbols equal
—1, so Ak is the same, and indeed CI3 (K) 22 C4 in both cases. But:

K CI(K) CIT(K) sgnrk(K)

Q(V/185,/481) Gy Ca 4
Q(Vv485,V1261) G @ 3
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Two fields with the same Legendre data

Take v1 =5, 72 = 13 and 3 = 37 or 97. In both cases all three Legendre symbols equal
—1, so Ak is the same, and indeed CI3 (K) 22 C4 in both cases. But:

K CI(K) CIt(K) sgnrk(K)

Q(V/185,/481) Gy Ca 4
Q(V485,v1261) G, G 3

° h+(K) is determined by from our assumption rky CI+(K,-) = 0 and the Legendre

symbols, but h(K) is not!
® We need to determine whether the narrow 2-Hilbert class field H, (K) is totally real.

® Instead of only Legendre symbols, we must use Rédei symbols.
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Detecting real UAFP extensions

Let 0 = Xd, U Xbybs + Xdo U Xbyb; be a 2-cocyle as above, and let Ly/K be the
corresponding UAFP extension. From higher genus theory, we have that § = dv is the
coboundary of a 1-cochain, whose field of definition L(¢)) is an unramified Fo-extension of

the multiquadratic field My = Q(v/d1, v/d>, /b1 b3, /b2 b3).

We obtain the condition

Ly totally real <= Inveo(resg, 1 U x—1) = ¥(Frobs) = 0.
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Detecting real UAFP extensions

Let 0 = Xd, U Xbybs + Xdo U Xbyb; be a 2-cocyle as above, and let Ly/K be the
corresponding UAFP extension. From higher genus theory, we have that § = dv is the
coboundary of a 1-cochain, whose field of definition L(¢)) is an unramified Fo-extension of

the multiquadratic field My = Q(v/d1, v/d>, /b1 b3, /b2 b3).

We obtain the condition

Ly totally real <= Inveo(resg, 1 U x—1) = ¥(Frobs) = 0.

In order to make this more tractable, we use Rédei symbols.

® For Fourvy—Kliiner extensions, coming frmo a decomposition of second tuype
D = D1 D5, realness is determined by the single Rédei symbol [Dy, Do, —1].

® For non-genus non-FK extensions, this unfortunately isn't determined by a single
Redei symbol. We must in general take a sum of Redei symbols.
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The criterion

Theorem (Man-V-Yatsyna)

Let R be the Rédei matrix of Q(\/y17273) and R’ the auxiliary matrix above, and let
tx = w(vk). Let ) C B C [t] be a subset such that ), g e; € ker R', and let

bi = ged([ e Py Vi)-

Then 0 = Xd, U Xbybs + Xdo U Xbybs i trivial in H*(Gg,F2), and there exist subsets
Ci, D; C [t] depending only on ti, tp, t3, R and B (and not on the primes) such that,

writing uj = [[;cc, pj and vi = [1;cg, pj, the field Lg is totally real if and only if

Z [u,-, Vi, —1] =0 e F,.

1
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What we expect to prove

Theorem? (Man—-V—Yatsyna 2026+)

A positive density of real biquadratic fields, ordered by discriminant, whose quadratic
subfields all have unit signature rank 2, have unit signature rank 3.
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What we expect to prove

Theorem? (Man—-V—Yatsyna 2026+)

A positive density of real biquadratic fields, ordered by discriminant, whose quadratic
subfields all have unit signature rank 2, have unit signature rank 3.

e Chan—Milovic (2022) computed numerically that the quadratic extensions attached
to the non-genus part of the 2-rank, and those attached to the 4-rank, are totally
real about half the time (and independently).

Conjecture

100% of real biquadratic fields, ordered by discriminant, whose quadratic subfields all
have unit signature rank 2, have unit signature rank 3.
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What remains

® Can we model the distribution of the corank(R’) for the auxiliary Rédei matrix R’
i.e. the distribution of rko CIT(K)? (this is almost done!)

® Can we remove the simplifying hypothesis that rkq CI*T(K;) = 0 for every i = 1,2, 3,
i.e. control rkg CI"(K) and characterise UAFP extensions in thist more general
setting.

e Can we count and classify the cyclic quartic UAFP extensions? (this will be needed
to attack the strong conjecture).
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Thank youl!
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